Ramification theory for varieties over a local field 

Kazuya Kato and Takeshi Saito 
July 5, 2010 

o": 

o 

OnJ ' Abstract 

^ I We define generalizations of classical invariants of wild ramification for coverings 

on a variety of arbitrary dimension over a local field. For an ^-adic sheaf, we define 
CN . its Swan class as a 0-cycle class supported on the wild ramification locus. We prove 

a formula of Riemann-Roch type for the Swan conductor of cohomology together 
C~^ ' with its relative version, assuming that the local field is of mixed characteristic. 

^L^ • We also prove the integrality of the Swan class for curves over a local field as a 

r~| . generalization of the Hasse-Arf theorem. We derive a proof of a conjecture of Serre 

■y I on the Artin character for a group action with an isolated fixed point on a regular 

local ring, assuming the dimension is 2. 

Let K he a complete discrete valuation field with a perfect residue field F of charac- 

^ ■ teristic p > 0. Let f/ be a separated smooth scheme of finite type over K and J-" be a 

O , smooth £-adic sheaf on U for a prime number i different from p. The alternating sum 

SwkH*{Ux, J-") of the Swan conductor is defined as an invariant measuring the wild rami- 

O I fication of the £-adic representation H*{Uk, J-") of the absolute Galois group Gk of K. We 

C^^ ■ will define an element SwjyJ-" (see (0.2) below and (15.3.6. ip in the text) called the Swan 

class as a certain 0-cycle class supported on the closed fiber of compactification and prove 

a conductor formula 



O 
O 



X 



(0.1) SwkH*{Uk,J^) = rank J^ ■ SwKH*iUR,Qi) + degSwuJ^ 



c^ ■ assuming that K is of characteristic in Corollary 17.5.31 We will also prove a relative 

version (see (0.4) below) of the conductor formula in Theorem 17.5.11 

The formula (0.1) is a mixed characteristic analogue of the higher dimensional gener- 
alization of the Grothendieck-Ogg-Shafarevich established in [25]. The conductor formula 
of Bloch proved in many cases in [26j compute the term Sw kH*{Uj^, Qi) in the case U is 
further assumed proper over K. 

In order to define the Swan class, we consider a finite etale morphism /: V^ — )■ f/ of 
regular separated flat connected scheme of finite type over S = Spec Ok and study its 
wild ramification. For a connected component T oi V Xu V different from the diagonal 
Ay, we define (15.3.6. ip a certain intersection product 



(0.2) ((r.Av-)) 



log 



in a group FoG((9y/(/F)(Q (Definition I5.2.2p of 0-cycle classes with rational coefficients 
supported on the wild ramification locus on the boundary, using the i^-theoretic localized 
intersection product introduced in [23] . 
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Although the intersection Ffl Ay is empty, the logarithmic intersection product (0.2) is 
defined on the boundary of compactifications. The superscript log indicates the intersec- 
tion product with the log diagonal. The use of the logarithmic version has an advantage 
that the product is independent of the boundary (Proposition 14.3.4]) . It also enables us to 
focus on the wild ramification. The revolutionary idea that the invariant of ramification 
should be defined as a 0-cycle class is due to S. Bloch p. 

The product (0.2) is a counterpart of the invariant for varieties over a perfect field of 
characteristic j9 > studied in [26]. It is also a generalization to higher dimension of the 
classical invariants of wild ramifications [38] . li V = Spec M and U = Spec L for finite 
separable extensions L G M oi K, the group FoG{dv/uV)Q is canonically identified with 
Q and the product ((F, Ay))^°^ for F = V XuV \ Ay is the valuation of a logarithmic 
variant of the different, Corollary 15.1.31 Further if M is a Galois extension of L and if 
F = Fo- is the graph of an element a 7^ 1 of the Galois group G = Gal(M/L), the Swan 
character scicr) is given by — ((F^-, Av'))^°s, Corollary 15.1.81 The basic properties of the 
classical invariants of ramification as in [5B] are extended to them in Lemma 17.1.21 

We consider a smooth ^-adic sheaf J-' on U for a prime number i different from p = 
char F. We define (Definition 17.2.41) the Swan class Sw^/J-" G FQG{dv/uU)Q(,^ ac) by the 
same formula 

(0.3) SwuT=-^ V /!((r.,Ay))i°S-(Tr^^(a,M)-dimM) 

as in the definition of the classical Swan conductor, using the Brauer trace of the F^- 
representation M of G corresponding to a mod-i reduction of J-". By establishing an 
excision formula Proposition 17.2.51 2. we extend the definition to constructible sheaves. 

In the case where K is of characteristic 0, the class ((Fo-, A{/))'°^ is defined even for 
cr = 1 as a 0-cycle class supported on the closed fiber. Using it, we define a variant Sw^/J-" 
of the Swan class and prove a formula of Riemann-Roch type, 

(0.4) SwrRgiJ^ = giSwuJ' 

in Theorem 17. 5. H for an arbitrary morphism g: [/ — )■ T of separated schemes of finite type 
over K and an arbitrary construcible sheaf J-" on U. 

In the case where J-" is smooth, the equality (0.4) specializes to the conductor formula 
(0.1) for the alternating sum of the Swan conductor. Corollary 17.5.31 It also gives 



(0.5) SwkH:{Uk, Qe) = - deg((Ac/, Au)) 



log 



which is a generalization of the conductor formula of Bloch pLj proved in many cases in 
|25] . We deduce the equality (0.4) from logarithmic variants of the Lefschetz trace formula 
for open varieties Theorem 11.4.61 

As a generalization of the classical theorem of Hasse-Arf, we expect that the Swan 
class SwjjJ-" should have no denominator. Conjecture 17.2.81 By a standard argument using 
Brauer induction, it is reduced to the rank one case. By comparing in Theorem 18 . 3 . 71 the 
Swan class Swc/J-" with a cycle class cjr defined in the rank 1 case earlier by one of the 
authors, we prove the integrality assuming dim Uk = 1 in Corollary 18.3.81 1. From this 
integrality, we derive a proof of a conjecture of Serre [39] on the Artin character for an 
isolated fixed point in the case of dimension 2 as is announced in [22]. 



We sketch the content of each section. The first three sections are prehminaries. In 
Section [H after preparing general terminologies on semi-stable schemes, log products, etc., 
we prove a logarithmic Lefschetz trace formula, which is a crucial step in the proof of the 
formula (0.4). The trace formula is a sort of mixture of those proved in [25] and in |26j . 
In Section |2l we study the tame ramification of an etale morphism along the boundary, 
using log products. The purpose of studying tame ramification first is to define the wild 
ramification locus and to focus on it. We give criterions for tameness in terms of valuation 
rings, using the quasi-compactness of the limit of proper modifications. In Section [3l first 
we compute certain tor-sheaves, which is a crucial step in the proof of the excision formula. 
We also give some complement on the localized Chern classes and the excess intersection 
formula studied in [25] as a preliminary for the computation of the logarithmic different. 

In Sections HI [5] and O we define the invariants of wild ramification and establish their 
properties. First, in Section HI we study the local structures of log products of schemes 
over S = Spec Ok- In Section [5l we define the invariants and study its basic properties. 
Section E] is technically the heart of the article. We prove the excision formula for the 
invariants. We also give a formula in some semi-stable case, which is a crucial step in the 
proof of the formula (0.4). 

In Section [71 we define the Swan class and prove the formula (0.4). In Section [HI we 
compute the Swan class in the case of rank 1 and deduce the integrality of the Swan class 
and complete the proof of the conjecture of Serre in the case of dimension 2. 

The logical structure of the proof of the formula (0.4) is summarized as follows. We 
deduce a formula Proposition 16.3.21 in some semi-stable case from the log Lefschetz trace 
formula Theorem 11.4.61 We prove a formula Propositions 17.3. 4[ 17.3.51 for stable curves 
using Proposition 16.3.21 and a compatibility with cospecialization map Proposition 11.6.21 
We prove the formula (0.4) in Theorem 17.5 . 1 1 by deducing it from a special case Corollary 
17.3.61 by devissage. 

The research is partly supported by Grants-in-aid for Scientific Research B- 18340002 
and S-19104001. 
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1 Log Lefschetz trace formula 

We prove a logarithmic Lefschetz trace formula for schemes over a discrete valuation ring 
in Section 11.41 and give a complement in Section 11.61 They play a crucial role in the proof 
of the conductor formula in Section 17.31 As preliminaries, we fix terminologies on semi- 
stable schemes, log blow-ups, log products and on log stalks in Sections II. H II. 2[ ll.3| 11.51 
respectively. 

1.1 Semi-stable schemes and stable curves 

We fix some terminology on semi-stable schemes. 

Definition 1.1.1 Let f : X -^ S he a morphism of schemes and r > be an integer. 

1. We say that X is weakly strictly semi-stable of relative dimension r over S if the 
following condition is satisfied: 

(11. 1.11 1) For every point x G X, there exist an open neighborhood x E U G X , an affine open 
neighborhood s = f{x) G Spec R G S , an integer 0<g<r + l, an element a G R 
and an Stale morphism 

U > Spec/?[Ti,...,T,+i]/(Ti-..r,-a) 

over S. 

Assume S = Spec R for a discrete valuation ring R. Then, we say a weakly strictly 
semi-stable scheme over S is strictly semi-stable if a G R in (II. 1.11 1) is a uniformizer. 

2. We say that X is weakly semi-stable of relative dimension r over S if, etale locally 
on X and on S, it is weakly strictly semi-stable of relative dimension r over S. Namely, 
if the following condition is satisfied: 

(11. 1.11 2) For every geometric point x — ?■ X, there exist etale neighborhoods x —^ U ^ X and 
s = f{x) -^ V —> S such that U is weakly strictly semi-stable of relative dimension 
r over V. 

If X is weakly semi-stable over S, the scheme X is fiat over S and is smooth over 5* on 
a dense open subscheme of each fiber. If S* = Spec R for a discrete valuation ring R, we 
define a semi-stable scheme over S by removing the word 'weakly' in Definition 11.1.11 2. 

We show that, locally on X, the subscheme of S defined by a is well-defined and the 
subschemes of X defined by Ti, . . . , Tg are well-defined up to permutation. 

Lemma 1.1.2 Let S = Spec R be an affine scheme and f : X -^ S be a scheme over S. 
Assume that X is etale over R[Ti, . . . , Tj,+i]/(Ti ■ ■ -Tq ~ a) for an element a G R. Let x 
be a point of X where the morphism f : X -^ S is not smooth and s = f{x). 

1. The annihilator of the Os^s-inodule ^^x/s^ ^■^ generated by a. 

2. Assume that there exist q irreducible components of the fiber Xg containing x. Then, 
the intersection Spec Ox,x H (X x^ Spec R/{a)Y"^ with the smooth locus has q connected 
components. Their schematic closures in Spec Ox,x cire defined by Ti, . . . ,Tg. 



Proof. 1. It is easily checked that f^V^^^ is annihilated by a. If j/ is a generization of x 
in Xg contained in exactly two irreducible components of Xg, it is also easily checked that 
the annihilator of ^^x/s ^^ generated by a. Thus the assertion follows. 

2. The irreducible components of the fiber Xg containing x are defined by Ti, . . . ,Tq. 
The connected components of the intersection Spec Ox,x H (X x^ Spec i?/(a))^™ are also 
defined by Ti, . . . , Tg. Thus the assertion follows. ■ 

In Definition 11.1.11 2. we may take V" = S" in the condition f ll. 1.11 2) by Lemma [1.1.21 1. 

Corollary 1.1.3 Let X be a weakly semi-stable scheme over a scheme S . Then, X is 
weakly strictly semi-stable over S if and only if, for every point s of S , each irreducible 
component of the fiber Xg = X Xs s is smooth over s. 

Proof. Clearly, the condition is necessary. We assume that each irreducible component 
of Xg is smooth over s for every s G 5*. Let x G X be a point. If X — )• S" is smooth at x, 
it is weakly strictly semi-stable at x. Assume /: X — )• S" is not smooth at x. Let s = f{x) 
and a G Os,s be a generator of the annihilator of the Os,s-T^odn\e f^^f/Sx- ^^^ a; be a 
geometric point of X above x and consider the connected components of the pull-back 
Spec Ox,x/{o,) Xx X'^™ of the smooth locus to the strict henselization. By the assumption, 
the schematic closures of the images in X of the connected components are distinct and 
defined by locally monogenic ideals. Thus the assertion follows. ■ 

We may modify a weakly semi-stable curve to a weakly strictly semi-stable curve, under 
an assumption. 

Lemma 1.1.4 Let X be a weakly semi-stable curve over a normal scheme S and let E G X 
denote the closed subset consisting of the points where X is not smooth over S . Assume 
that X is smooth on a dense open subscheme of S and that the following condition is 
satisfied: 

(11. 1.41 1) For every point x G E and s = f{x), the element a G Os,s in Lemma [1.1.21 is a 
square. 

Then, there exists a projective modification X' — )■ X inducing an isomorphism outside E 
such that X' is weakly strictly semi-stable over S. 

Proof. Let x be a point of E. Then, etale locally on a neighborhood of x, X is etale 
over the scheme defined by T1T2 — a. We put a = b^. By the assumption that 5* is normal, 
the ideal generated by b is well-defined. By Lemma ll.l.2[ the ideal X C Ox etale locally 
defined by (Ti,T2,b) is well-defined. Then, the blow-up X' — ;■ X by the ideal X satisfies 
the condition. ■ 

Definition 1.1.5 Let /: X — > S* be a weakly semi-stable scheme over S. 

1. Let D = Di + ■ ■ ■ -\- Dn be the sum of Cartier divisors of X that are flat over S. 
Then, we say that D has simple normal crossings relatively to S if the following condition 
is satisfied: 

(11. 1.51 1) For every point x G X, there exist an open neighborhood x G U G X , a weakly 
semi-stable scheme Y over S and a smooth morphism U — )■ A™ to the affine space 
with coordinate Ti, . . . , Tm such that, for each i = 1, . . . ,n, the restriction Di Xx U 
is either empty or defined by Tj^ for some 1 < ji < rn. Further, for 1 < i < i' < n 
such that Di Xx U and Dii Xx U are non-empty, we have ji 7^ ji>. 



2. Let D be a C artier divisor of X flat over S. Then, we say that D has normal 
crossings relatively to S if, Stale locally on X , it has simple normal crossings relatively to 
S. 

li D = Di + ■ ■ ■ + Dn is a divisor with simple normal crossings relatively to S, for a 
subset I C {I, . . . ,n}, the intersection Dj = f]i^j D^ is weakly strictly semi-stable over S. 
If X is smooth over 5*, the terminology on simple normal crossing divisors is the same as 
the usual one defined in [351 2.1]. 

We recall the following fact on the tameness of the direct image for a proper semi-stable 
scheme. 

Lemma 1.1.6 Let S he a regular noetherian scheme and D G S be a divisor with normal 
crossings. Let f : X ^ S be a proper weakly semi-stable scheme such that the base change 
X ^sW ^W = S\D is smooth and E G X be a divisor with normal crossings relatively 
to S . We put U = X \E and fu:U^-Sbe the restriction of f . 

Then, for an integer n > 1 invertible on S, the higher direct image R^fu^Tj/nlj is 
locally constant on W = S \ D and is tamely ramified along D for every q > 0. 

Proof. By the assumption that S is regular and D has normal crossings, it is reduced 
to the case where S = Spec Ok for a discrete valuation ring and D consists of the closed 
point s, by Abhyankhar's lemma [351 Proposition 5.2]. Let j: U ^ X denote the open 
immersion. Then, it suffices to show that the action of the inertia group / = Gal{K^'^^/K^'^) 
on the sheaf W^ipjiZ/nTj of nearby cycles is tamely ramified. If i? = 0, it is proved in [33]. 
The general case is reduced to the case i? = by a standard devissage. ■ 

We recall the definition of a stable curve [7]. Let /: X — )■ S* be a proper weakly semi- 
stable scheme of relative dimension 1 over a scheme S and (sj)j=i^...^d be a finite family 
of sections Sii S ^ X. Let ux/s = R~^f'Ox be the relative dualizing sheaf. Then, we 
say a pair (/: X — )• S, (sj)j=i^..._d) is a c? pointed stable curve if the following condition is 
satisfied. 

• The divisor D = ^j=i Sj(S') has simple normal crossings relatively to S, the canonical 
map Os — )■ f*Ox is an isomorphism and the invertible Cx-module ux/siD) is 
relatively ample. 

If (X, (sj)) is a pointed stable curve over S, the sections Sj(S') do not meet each other and 
are contained in the locus where / is smooth. Further the (95-module /*wx/5 is locally 
free. The rank of /*wx/5 is called the genus of X. If {X, (sj)) is a. d pointed stable curve 
of genus g, we have 2g — 2 + d > 0. 

We recall some facts on the moduli of pointed stable curves. Let S = M-g^ be the 
moduli stack of d pointed stable curves of genus g. It is a proper smooth Deligne-Mumford 
stack over Z [28] and the coarse moduli scheme Mg,d is a projective scheme p9]. Let 
/: X — 7- 5 be the universal family and Si, . . . , s^: 5 — t- X be the universal sections. Let 
S = M.g^d C S* be the open substack where X is smooth. It is the complement of a divisor 
with normal crossings [2B] . 

Let n > 1 be an integer. The n-torsion part JaCj^rii/^gaJn] = R^fga^fin of the 
Jacobian is a locally constant sheaf of Z/nZ-modules of rank 2g on S[-]. Let Aig^d,n over 
■Mg,d[^] = S[^] be the moduh of an isomorphism (Z/nZ)^^ — )■ R^fs[i]^:l^n- If n > 3, 
then Aig,d,n is represented by a scheme Sn = Mg^d,n smooth over Z[^]. Further, the 
normalization Sn = ■Mg,d,n of A^c,,d[^] in 'S'„ = Mg^d,n is a projective scheme over Z[^] [B]. 
See also [H 2.24]. 



1.2 Semi-stable schemes and log blow-up 

We briefly recall the log blow-up and apply it to give some constructions related to semi- 
stable schemes. For terminologies, we refer to j25l Section 4.2]. Let P be a finitely 
generated commutative integral saturated torsion free monoid. In other words, the as- 
sociated group P^P is a finitely generated free abelian group and there exists a finitely 
many elements /i, . . . , /„ of the dual group psp* = Hom(P^P, Z) such that P is identi- 
fied with the submonoid {x G P^^ | fi{x) > for i = l,...,m} C P^^. We identify 
the dual monoid P* = Hommonoid(-P, N) with the submonoid {/ G P^p* | /(x) > for 
X G P}. If P^ = {x G P I x~^ G P} is trivial, the abelian group psp* is generated by 
the submonoid P*. Further in this case, P* is the intersection of psp* in psp* (g)^ Q with 

{fll/l H \- amfm I tti G Q, tti > 0}. 

Let X be a log scheme and f : P ^ r(X, Ox) be a chart. It defines a strict morphism 
/*: X — )■ Spec Z[P] of log schemes. Recall that a morphism X ^ Y is strict if the log 
structure of X is the pull-back of that of Y. Let V^ C P^p* ®z Q be a Q-linear subspace. 
Then the intersection N^^ = P* n V^ is a finitely generated saturated submonoid. Let 
Po- D P be the finitely generated saturated monoid defined by {x G P^^ | /(x) > 
for / G N(j}. Then, we define a scheme X^- by X^- = X Xspcc z[P] Spec Z[Po-]. Let 
g: P -^ T{X, Ox) be another chart such that there exists a morphism u: P ^ r(-^; C^x) 
satisfying g = f ■ u. Then, the schemes Xo- over X defined by / and by g are canonically 
isomorphic to each other. 

Let S be a subdivision of the dual monoid P*. Recall that a subdivision S consists of 
finite family of submonoids N„ = P* fl V^ of the dual monoid P* indexed by a G S. Recall 
also that S is regular means that the monoid N^- C P* for every cr G S is isomorphic to 
N'" for some r > and hence P^ is isomorphic to N*" x Z"~^ where n is the rank of P^p. 
By patching the schemes X„ over X, we obtain a scheme X^ over X. Recall that if S 
is a proper subdivision, the scheme X^ is proper over X. In this case, we call X^ a log 
blow-up of X. 

Let S* be a regular noetherian scheme and D d S he a. divisor with normal crossings. 
Let iw : W = S \ D ^ S denote the open immersion and we regard S* as a log scheme 
defined by the log structure M.^ = Os H iw*0^. We consider a weakly semi-stable 
scheme f: X ^ S and a divisor E G X with normal crossings relatively to S such 
that the base change X XgW ^ W is smooth. Let ju'. U = X\ {f~^{D) U E) ^ X 
denote the open immersion and we regard X as a log scheme defined by the log structure 
Mx = Cx n ju*0^. Then the map / : X -)■ S" is log smooth. 

We construct proper modifications of weakly semi-stable schemes using log blow-ups. 

Lemma 1.2.1 Let Ok be a discrete valuation ring and X be a weakly semi-stable scheme 
over S = Spec Ok with smooth generic fiber Xk- Then, there exists a proper modification 
X' — )■ X such that Xj^ — )■ Xk is an isomorphism and that X' is semi-stable over S. 

Proof. Let tt be a prime element of Ok- First, we consider the case where there 
exists an etale morphism X — )■ Spec Ok\Ti, . . . , Tr+i\/{Ti ■ ■ -Tq — vr*^) for an integer e > 1. 
Let Pq^e be the monoid N^ + (-,..., -) C Q'. The uniformizer vr and the pull-backs of 
Ti, . . . ,Tq define a morphism X — )■ Spec '^[Pq,e] = Spec Z[Ti, . . . ,Tq, S]/(Ti ■ ■ -Tq — S^). 

We identify the dual monoid Nq^e = Pq^e with {(ai, . . . , a^) G N"^ | ai + ■ ■ ■ + a^ = 
mod e}. Let Bq^ C Xge be the finite set {(ai, . . . ,aq) E W \ ai -\- ■ ■ ■ -\- Qq = e} and 
define Sg^e by {a C Bq^ \ (ai, . . . , a^), (6i, . . . ,bq) G cr implies |ai — 6i| + ■ ■ ■ + \aq — bq\ < 2}. 
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For a G S, g, let N„ denote the submonoid of N^^^, generated by o. Then, S^ e defines a 
regular proper subdivision of A^g e and we obtain a log blow-up -^s,,^ ~^ ^■ 

We show that the scheme X^ ^ is semi-stable over Ok- Let /: N — ?■ P^^e be the map 
sending 1 to (i, . . . , i). Then, the dual map /* : A^g^e — ^ N sends a G A^g^e to (ai + ■ ■ ■ + 
ag)/e and hence an arbitrary element of B^f^ to 1. A numbering on a G Sge defines 
an isomorphism N'' — )■ N„ C A'g g- Hence, the composition N'^ — )■ N of the restriction 
/*|7Vct • ^o- ~^ 1^ with an isomorphism N'^ — ?• A'o- sends every member of the canonical basis 
of N'^ to 1. From this, it follows immediately that X^ is semi-stable over Ok for every 

O G Sg^e- 

By Lemma [1.1.21 the exponent e and the divisors defined by Ti, . . . , Tg are well-defined 
etale locally up to permutation. Since the regular proper subdivision Eg e is invariant 
under permutations of q letters, the etale locally constructed log blow-ups ^s^.e — ^ X. 
patch each other and define a semi-stable modification X' — )■ X globally. ■ 

Next, we reformulate [H Proposition 3.6] in our terminology. 

Lemma 1.2.2 Let S be a regular noetherian scheme and D G S be a divisor with simple 
normal crossings. Let f : X ^ S be a weakly strictly semi-stable curve such that the base 
change Xy/ = XxsW^W = S\D is smooth. 

Then, there exists a proper modification X' —^ X such that X{^ — > Xw is an isomor- 
phism, that X' is regular and weakly strictly semi-stable over S and that X' Xs D is a 
divisor with simple normal crossings. 

Proof. First, we consider the case where the following data are given: 
Let Spec i? C 5* be an affine open subscheme, Si, . . . , s„ G i? be elements defining 
irreducible components Di, . . . , Dn of D fl Spec i?, (ii, . . . , (i„ > be integers and let X -^ 
Spec R\Ti.,T2\/{TiT2 — Si ■ ■ ■ s^") be an etale morphism over S. Let c: {1, . . . , n} — )■ {1, 2} 
be a function. 

We define maps N — )■ N^, N — ;■ N" of monoids by (1, 1) and {di, . . . , dn) and consider 
the amalgamate sum P = N^+nN". The dual N = P* is identified with {(a, 6) G N^ x N" | 
ai -\- a2 = dibi + ■ ■ ■ + (i„6„}. Let ei, . . . , e„ G N" be the standard basis. For i = 1, . . . ,n, 
we put Bi = {(a, 6) e N \ b = a}. We identify {l,i),{2,i) G A = {1, 2} x {1, . . . ,n} 
with (((ij, 0), Cj), {{0,di),ei) G Bi and regard A as a subset of -B = ]J^ i?j C N. For each 
j G {1, . . .n}, let Ej be the finite set consisting oi a G Bj U A satisfying the following 
conditions: 

• If (a, i) G 0" n A for i < j, we have a = c{i). 

• If ((ai, 02), Cj), {{a[, 02), Cj) G o" n Bj, we have |ai — a'J < 1. 

• We have {a G {1,2} \ {a,i) e cr n A,i > j} C {1,2}. 

We put S = IJfci^i- For each a G S, the submonoid N^- C N generated by a is 
isomorphic to N'' for s = Card a > 0. For (a, b) G N, if there exists an integer 1 < j < n 
not satisfying the inequahties 

ai > y^ bidi and 02 > /> ^i^ii 

i<j, c(i)=l i<j, c{i)=2 



then, for the smallest such j, there exists a G Sj such that (a, 6) G N„. If otherwise, we 
have (a, fo) G A^c* foi' C* = {(c(z),z) | i G {l,...,n}} G E„. Hence, S defines a regular 
proper subdivision of N. 

The etale morphism X — )■ Spec i?[Ti, T2]/(TiT2 — s^^^ • ■ ■ s*') induces a morphism X — ;■ 
Spec Z[Ti, T2, ^1, . . . , Sn\/{TiT2 - Sf^ ■ • • 5^) = Spec Z[P]. Hence the log blow-up Xs is 
defined by the regular proper subdivision S. 

We show that the scheme X-^ satisfies the condition. We consider the dual ir* : N ^ N" 
of the canonical map vr: N" — )■ P = N^ +n N". Let ei, . . . , e^ and e[, • • • , e^ be standard 
bases of N'' and of N". Then, vr* maps the elements of Bi to e[ G N". Let a G Sj and take 
an isomorphism N* — )■ Xa- to the submonoid generated by a. We consider the composition 
(f-.N^—^ N" with the restriction N„ -^ N". Then, there exists a map g: {1, . . . , s} — )■ 
{1, . . . , n} such that ¥'(ej) = e^^) for j = 1, . . . , s. Further, for i' = 1, . . . , n, we have 
Card(f7~^(z')) < 1 for i ^ i' and Card((7~^(i)) < 2. Thus, we have either an etale map 
Xfj — )■ Spec -R[Ti, T2]/(TiT2 — Sj) or an etale map X^, — )■ Spec R\T\. Hence, the log blow-up 
Xs is weakly strictly semi-stable over S and regular. Further D Xg X^ is a divisor with 
simple normal crossings. 

We prove the general case. To patch the local construction above, we fix a numbering 
of irreducible components of i? = X Xs D. Let Spec i? C S" be an affine open and 

V — )■ Spec i?[Ti, r2]/(rir2 — s^^ ■ ■ -s^") be an etale map defined on an open subscheme 

V of X. We assume that each V Xg Di has two irreducible components Eii and £'2,?. 
defined by (Ti,Si) and (T2,Si) respectively. We define a function c: {1, . . . ,n} — )■ {1,2} 
by requiring that the index of the irreducible component -Ec(i),i is the smaller among E'l j 
and E2,i with respect to the fixed numbering of the irreducible components of E. By 
changing the numbering oi Di, . . . , Dn, we may assume that the indices of the sequence 
Ec(i)^i, . . . ,Ec(n),n is increasing. With this numbering and the definition of c, it is easily 
seen that the log blow-ups Vs patch globally and define a modification X' ^ X. ■ 

The following Lemma will not be used in the proof of the conductor formula. 

Lemma 1.2.3 Let S be a regular noetherian scheme and D G S be a divisor with simple 
normal crossings. Let f : X ^^ S be a weakly strictly semi-stable scheme such that the base 
change Xw = XxsW^W = S\D is smooth. 

For an irreducible component Di of D, let li be the set of irreducible components of 
X Xs Di and, for x G X and s = f{x) G S, let Ix be the set of irreducible components of 
the fiber Xg containing x. We assume that the following condition is satisfied: 

(11. 2. 31 1) There exist a family of functions (y9j: /j — >■ N and a total order on the finite set Ix 
for every x G X satisfying the following condition: If s = f{x) G Di and if the map 
Ix — !■ li induced by the inclusion Xg — )■ Xd. is injective, then the composition /^^ — )■ N 
with Lfi is injective and increasing. 

Then, there exists a proper modification X' — )■ X such that X^y — )■ Xw is an isomor- 
phism, that X' is regular and weakly strictly semi-stable over S and that X' Xs D is a 
divisor with simple normal crossings. 

Proof. First, we consider the case where the irreducible components Di, . . . ,Dqoi D are 
defined by ti, . . . , tg, there exists a smooth map X — > S[Ti, . . . , Tr]/{Ti ■ ■ -Tr — t^^ ■ ■ ■ t™') 
for integers mi, . . . ,mq > and the total order on Ix is induced by the natural order 
on {1, . . . , r}. We define morphisms N — ?■ N^' and e: N — t- N'^ by 1 1— )■ (1, . . . , 1) and by 
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1 I—)- {mi, . . . , rUq) respectively. Let P be the amalgamete sum N''+nN'' with respect to the 
morphisms above. We consider the map P — )■ r(X, Ox) of monoids defined by Ti, . . . , T^ 
and ti, . . . ,tg. 

We define the dual morphisms | | : N*" — ?> N and m* : N"^ — )> N by \{ai, . . . ,ar)\ = 
ai + ■ ■ ■ + ttr and m*{bi, . . . ,bq) = rriibi + ■ ■ ■ + mqbq. Then, the dual monoid A^ = P* is 
identified with {(a, 6) G N*" x N'' | \a\ = m*{b)}. We define a regular proper subdivision 
S of A^. Let V be the finite set {{a,j) G N** x {1, . . . , g} | |a| = rrij}. We regard K as a 
subset of A^ by identifying {a,j) G V with faj = (a, fj) G A^ where fi, . . . , fq denote the 
canonical basis of N'^. For a vector a G N*", we put Supp(a) = {? G {1, . . . ,r} | a^ > 0}. 
For elements {a,j),{a',j') G V, we write {a,j) < {a',j') if maxSupp(a) < minSupp(a') 
and j < j'. The relation < satisfies the anti-symmetry law and the transitivity law but 
not the refiexive law. By abuse of terminology, we say a subset a G V is totally ordered 
if (a,j),(a',/) G a implies either {a,j) < {a',j'), {a',j') < {a,j) or {a,j) = {a',j'). We 
put H = {a G V \ a is totally ordered }. For o" G S, we consider the submonoid A"o- C A^ 
generated by faj for {a,j) G a. For each {a,b) G A^, one can easily find the minimum 
totally ordered subset a G S satisfying (a, 6) G N„. Thus, S defines a regular proper 
subdivision. Hence the log blow-up X' = X^ is regular and X' x^ D is a divisor with 
simple normal crossings. 

By the assumption on the existence of the functions and the total orders, the log 
blow-ups constructed above patch globally to give the required X'. ■ 

1.3 Log products and log blow-ups 

We fix some terminology and notations on log products, which will be constantly used 
throughout this paper. 

Let S* be a scheme and X and Y be schemes over S. Let V = {Di)i^j and £ = {Ei)i^i 
be a finite family of Cartier divisors Di G X and oi Ei G Y with the same index set. 
Then, the log product (X x^ Y)"^ ^ with respect to V and £ is defined as follows. 

First, we consider the case where Di and Ei are defined by fi G r(X, Ox) and gi G 
V{Y,Oy) respectively. Then, {fi)i^i and {gi)ii=i define maps of monoids N'^ — )> T{X,Ox) 
and N^ -)■ T{Y, Oy) and they further induce a map P = WxW ^ T{X x 5F, Oxxsy) from 
the direct sum. We identify the dual monoid N = P* with N^ x N^^ and let N„ = W G W x 
W be the diagonal submonoid. Then, the corresponding submonoid P^ G P^^ = 7L^ xTL^ 
is equal \.o {[a,b) GlJ xTl \ a ^b G W}. The log product [X Xg Y):^^^ is then defined 
as 

(1.3.0.1) (XxsY), 

= {X XsY) xspec ZIP] Spec Z[P„] 

= iXxsY) Xspec ns.,T,,^eI] Spec Z[5„ T„ f/f V e I]/iS, - U/r,; iGl). 

In general, we define the log product {X x sY)"^ ^ by patching. For each i G I, let Xd^ C 
Ox and Xe, C Oy be the ideal sheaves. We consider the P ^-bundle P(pr^XD^ © pt2Te^) 
over X Xs Y. The complement Pi G P(pr^XD^ © pt^^IeJ of the two sections defined by 
the surjections prlXoi © W2^Ei — > Wi^d, and pr^Xo^ © prgX^^ — )■ pr2X£;; is a G^-torsor 
over X XgY . The log product (X x^ Y)'^^ is a closed subscheme of the fiber product 



11 



li X = Y and V = £, we let (X x^ y)^ ^ denoted by (X x^X)^. Further if V is clear 
from the context, we drop the subscript P. 

We define a log blow-up (X x ^ F)^ ^ of X x 5 y containing the log product (X x 5 F)^^ ^ 
as an open subscheme. For i G /, let -Bj C X = N'^ x N'^ be the subset {((ctfc), (bk)) G 
W X 'N^ \ ak = bk = ioT k ^ i and (0^,6^) G {(1,0), (0, 1), (1, 1)}} consisting of three 
elements and we put B = [J^^j Bi. Then the set E = {cr | cr C 5, Card(cr fl Bi) < 2 for 
every i G /} defines a regular proper subdivision of X. We let the log blow-up (X X5 F)^ 
denoted by (X X5 Y)'jy g. Since the subset a = {((aj), (6j)) G -B | a^ = 6j for every i G /} 
corresponds to the diagonal sub monoid N'^ C N^ x N^, the log product (X X5 F)^^ is an 
open subscheme of (X Xg F)^ g. 

We define a variant of the log product and the log blow-up. Let 5* be a scheme and 
/: X — )■ 5* and g: Y ^ S he morphisms of schemes. Let V = {Di)i(zi and £ = {Ei)i^j be 
a finite family of Cartier divisors of X and of Y as above. Let i? be a Cartier divisor of 5* 
and (rii) be a family of integers rij > satisfying f*B = J^iei^'i-^i ^^^ 9*^ ~ J2iei^i^i- 
Then, the log product (X X5 F)^^,^ with respect to V,£ and B is defined as follows. 

First, we consider the case where Di,Ei and B are defined by /j G T{X,Ox),gi G 
r(F, Cy) and a G T{S,Os) respectively. We put a = vH-fl"' and a = wH-g^' for 
V G r(X, Ox) and w G r(F, Cy). Then, ((/j)ig7, v) and {{gi)i^i, w) define maps of monoids 
N^ X Z ^ r(X, Ox) and W xZ^ T{Y, Oy). Let P be the amalgamate sum (N^ x Z) +^ 
{N^ X Z) with respect to the map N — ?► N'^ x Z sending 1 to ((^j), 1). Then, they further 
induce a map P — t- r(X X5 Y,Oxxsy)- We identify the dual monoid N = P* with 
{((tti), (6i)) G N^ X N^ I ^.n^ai = E^n^fei} and let X, = N^ C X C M^ x N^ be the 
diagonal submonoid. Then, the corresponding submonoid P^ C P^^ = {Z^ x Z © Z^ x 
Z)/(((ni), 1, {-Hi), -1)) is equal to {(a, a', 6, 6') G P^p | a + 6 G N^}. The log product 
(X X5 F):^^,^ is then defined as 

(L3.0.2) (XxsY)^ 

= (X xs F) xgpec z[P] Spec Z[P^] 

= (X Xg F)Xgpg(, Z[5,,Ti;JG/,V±My±i] 

Spec Z[Si, Ti, Ut^-ie /, \/^\ W^']/{Si - UiT^ ieI,W- ¥11^')- 

In other words, in the presentation flL3.0.ip . it is the closed subscheme defined by the 
relation pY2w/pTlv = Yli U^' ■ 

In general, we define the log product (X X5 F):^^,^ by patching. It is a closed sub- 
scheme of (X X5 F)^^-. When B is clear from the context, we let (X x^ F)^^,^ denoted 
by (X x§ F)^£- in order to distinguish it from (X x^ F)^^. 

We define a log blow-up (X x^ F)^^,^ of X x^ F containing the log product (X X5 
^)v e/B ^s ^^ open subscheme, assuming rii G {0, 1} for every i ^ L In order to define 
the log blow-up, we choose and fix a total order of the subset /' = {i G / | rij = 1} of the 
index set /. 

First, we consider the case where I' = I namely n, = 1 for every i & I. The dual 
X = P* of P = N^ +N N^ is identified with {(a, 6) G N^ x N^ | J2i «i = Ei ^i}- Let (e^) 
be the standard basis of N'^. We identify an element {i,j) E I x I with {ei,ej) G X and 
regard / x / as a subset of X. We consider the product order on the product I x I. Let S 
be the set of totally ordered subsets a d I x I. For a G S, let X^. C X be the submonoid 
generated by a. Then, S defines a regular proper subdivision of X. We let the log blow-up 
(X x^ F)s denoted (X X5 Yy^j^i^. Since the diagonal a = Aj C I x I corresponds to 
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the diagonal submonoid N^ C iV C N-^ x N-^, the log product (X x^ V')^^,^ is an open 
subscheme of (X x^ Y)'^ ^i^. 

In the general case, we put I" = I\ I' and consider the subfamilies V = {Di)ii=fi,£' = 
{Ei)i^i',V" = {Di)i^i",£" = {Ei)i^j//. Then, we define the log product (X X5 yY-jyg/B ^-s 
the fiber product by 

(1.3.0.3) (X y<sy)v,£/B = i^ ^Sy)v,£'/B ^XxsY (-^ X S ^)x)",£"- 

For the sake of readers familiar with the terminology of log geometry as in [221 Chapter 
4], we give an interpretation using it. We regard X as a log scheme with the log structure 
defined by V. We put M = N^ and consider the frame X — )■ [M] defined by V. We regard 
S* as a log scheme with the trivial log structure. Then, the log product (X X5 X)^ is the 
product X x^|j^^, X in the notation loc. cit. For the variant (X XsX)"^,^, let § denote the 
log scheme S with the log structure defined by B. Then, the log product (X X5 X)^,^ is 
the product X Xg^f^^^, X in the notation loc. cit. 

We study the boundary of log products. Let i G / and put Jj = / \ {i} and Vi = 
(Dj)^.g/. We define (DiXsDi)^^ to be (Ax^A) Xxxsx(Xx5X)g^. If AnD, = D.XxDj 
is a Cartier divisor of Di for every j G Jj, the scheme {Di Xs Di)^, is the log product with 
respect to the family {Di Xx Dj)j^j. denoted by A- 

Lemma 1.3.1 Let X — )■ 5* and V = {Di)i^j be as above. Let i E I and assume that 
Di n Dj = Di Xx Dj is a Cartier divisor of Di for every j E I' = I \ {i}. 

1. The scheme Ei = {Di Xs Di) X(xxsX) (X X5 X)^ is equal to the inverse images 
pT^^{Di) = pr^^(A) of Di C X by the projections (X X5 X)^ — )■ X. It is a Gm-torsor 
over {Di XsDi)'^_. The restriction of the log diagonal map Di — > A defines a trivialization 
of the restriction of the Gm-torsor Ei — )■ (A X5 A)S ^'^ ^i '^ i^i ^s Di)^.. 

2. Let B be a Cartier divisor of S . Assume that f*B = ^ . fijDj and that the coefficient 
Ui of Di in f*B is strictly positive Ui > 0. Then, the intersection Ei fl (X x§ X)^,^ is 
a subscheme of a fim-torsor over {Di x^ Di)^_. The restriction of the log diagonal map 
Di — )■ Ei defines a trivialization of the restriction of the fim-torsor A H (X x§ X)^,^ — )■ 
(A X5 A)©, to Di c (A X5 A)©.. 



Proof. 1. Clear from the inductive construction (X x^ X)^ = (X X5 X)!^ x^ 



T>, 



xsX 



{X Xs X)2^ of the log product. 

2. Clear from the remark after (11. 3. 0.21) . ■ 

1.4 Log Lefschetz trace formula over a discrete valuation ring 

We state and prove a log Lefschetz trace formula over a discrete valuation ring. Let L be 
a henselian discrete valuation field. We regard T = Spec Ol as a log scheme with the log 
structure defined by the closed point t and also regard t as a log point. For the generality 
on log schemes, we refer to [21], [18], [251 Section 4]. 

Let X be a weakly semi-stable scheme over T = Spec Ol with smooth generic fiber X^ 
and Z) C X be a flat Cartier divisor with normal crossings relatively to T. Let j : X^ — ?■ X 
be the open immersion. In this section, we regard the scheme X as a log scheme with the 
log structure Ox H j*Ox ■ It is log smooth over T. We consider the fiber X^ = X Xt t 
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also as a log scheme over a log point t. We put U = X \ D and let ju: U ^ X he the 
open immersion. 

If X is proper, we define the log etale cohomology with compact support by 

K,M^Qe) = K,ix,, jum- 

Lemma 1.4.1 Let X be a proper weakly semi-stable scheme over T = Spec Ol and D C 
X be a flat C artier divisor with normal crossings relatively to T . Then the co specialization 
map 

(1-4.1.1) Hl^M. Qd ^ H^iUi, Q,) 

is an isomorphism. 

Proof. In the case D = 0, it follows from [32| Theorem (3.2) (ii)]. We reduce the general 
case to this case. Let D be the normalization D and let vr : Z) — ;■ X be the canonical map. 
Then, we have an exact sequence — )■ iu\Q.t,u -^ Q.i,x -^ '^*Qe,D ~^ ^^^*Q^,d —>■■■• 
Thus the assertion follows. ■ 

Let X' be another weakly semi-stable scheme over T with smooth generic fiber X'^^ and 
D' C X' be a fiat Cartier divisors with normal crossings relatively to T. We also regard 
X' and X^ as log schemes over T and over t. Let tt: Xt — )■ X[ be an isomorphism of 
log schemes over t inducing an isomorphism Dt ^ D[. Then, it induces an isomorphism 

Let F C f/i X f/{^ be a closed subscheme of dimension d = dimf/^. We assume that 
the second projection p2: T ^ U'l^ is proper. Then, in [261 Section 2.3], the map 

(1.4.2.1) r* : H^^iUi Qe) ^ H^AUi, Qi) 

is defined. We also let F* denote the composition 



1^1.4.2.2) cosp. 



cosp. 



by abuse of notation. In this subsection, we give a Lefschetz trace formula computing the 
alternating sum 

2d 

(1.4.2.3) Tr(F* : H:{Ui, Q,)) = J](-l)^Tr(F* : H^^{Ui, Q,)) G Q,, 

assuming that X is weakly strictly semi-stable. 

Let X, X', D and D' be as above. We assume further that X and X' are weakly strictly 
semi-stable and that D = Di + ■ ■ ■ + Dn and D' = D'l + ■ ■ ■ + D'^ have simple normal 
crossings with the same indices. Let it'- Xt ^ X[ be an isomorphism of log schemes over 
t inducing isomorphisms Di^t — ^ D[ ^ for every 1, . . . , n. Let i^i, . . . , Em be the irreducible 
components of Xt. Then, the isomorphism tt induces a numbering E[,...,E'^ of the 
irreducible components of X[. 
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Let {X Xj X')'" be the log product {X x^ X')^^,,^ defined by the famihes V = 
(Di, . . . , D„, El, ... , E^), V = {D[, ...,D'^,E[,..., E'J and B = t. By identifying X; 
with Xf by the isomorphism it, let 6t: Xt —> {X Xj X')~ denote the immersion induced 
by (1, Lt) : Xt -^ X Xrp X' . The generic fiber (X Xj X')~ x^ Spec L is identified with the 
log product {Xi Xi X^)~ with respect to -Di,l, . . . , -D„,l and D^ ^, . . . , D[^ ^. 

For a noetherian scheme S", let G{S) denote the Grothendieck group of the abelian 
category of coherent Os-modules. We define a map G{{Xl Xl X^)~) — > G{Xt). 

Lemma 1.4.3 Let X and X' he weakly strictly semi-stable schemes over T = Spec Ol 
with smooth generic fibers and D = Di + ■ ■ ■ + Dn C X and D' = D[ + ■ ■ ■ + D'^ C X' be 
divisors with simple normal crossings relatively to T with the same indices. Let it'. Xt ^ 
X[ be an isomorphism of log schemes compatible with the numberings of D and D' . 

1. The pull-back G{{X Xf X')~) — )■ G{{X Xt X')^) by the closed immersion (X Xt 
X')J" — i- (X Xj X')^ induces a map 

(1.4.3.1) G{{Xl Xl X'lT) -^ G{{X Xj X')r). 

2. The map St'. Xt ^ (X Xj X')J" is a regular immersion and it defines a pull-back 

(1.4.3.2) G((XxTrX')r)^G'(Xi). 

Proof. 1. Since X' is log smooth over T and since the projection (X Xx X')~ — )■ X is 
strict, the log product (X Xj X')~ is smooth over X and is flat over T. Hence the closed 
immersion (X XxX')j" — )• (X XxX')~ is a regular immersion and is of finite tor-dimension. 
Thus, it induces a map G{{X Xj X')~) -> G{{X Xj X')'^). 

Since the sequence 

^((X Xx X')r) ^ ^((X Xx X')~) ^ GHXl Xl X'^D -^ 
is exact and since the composition 

G((X Xx X')r) -^ G{{X Xx X')~) -^ G{{X xj X' 



")r) 



is the zero-map, the assertion follows. 

2. Since the projection (XxxX')" — )■ X is smooth, the immersion 6t: Xj — )■ (XxxX')5" 
is a section of a smooth map and is a regular immersion. Hence the pull-back on the 
Grothendieck groups is defined. ■ 

For an element F G G((XLXiX^)~), by LemmaOJl its reduction ft G G((XxxX')j^) 
and the intersection product 

(1.4.3.3) {ft,Ax,) = 6;{ft)eG{Xt) 

are defined. 

Recall that for a weakly semi-stable scheme X over T, a semi-stable modification Xs 
is constructed in Lemma 11.2.11 by patching log blow-ups. By the construction, the pull- 
back Dy, = D Xx Xs is a divisor of X^ with simple normal crossings relative to T. The 
canonical map X^ — )■ X induces an isomorphism X^^l — )• Xl on the generic fiber. 
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Corollary 1.4.4 Let weakly strictly semi-stable schemes X,X' over T and an isomor- 
phism Lt'. Xf — >■ X^. be as in Lemma 11.4.31 Let f : X^ — > X and f : X'-^ — > X' be the 
semi-stable modification as above. Then, the diagram 

^ G(Xa) 



G((Xz.x^Xin - 

G((XiX^Xin - 
is commutative. 

Proof. By the construction of the log blow-up in the proof of Leninia ri.2.1l the diagram 



-> G{Xt 



pri 



pri 



/ 

> X 






(Xs Xx Xg) 

(/x/')" 

(XxtX') 
is cartesian. Hence, the diagram 

^((XsXTrX^) 

(/x/'): 

G((XxTrX') 
is commutative. Since the diagram 

^((XeXtX^)-) 

(/x/')r 

G((XxtX') 

is commutative, the assertion follows. ■ 

Let X,X',D,D' and tt'- Xt — ?■ X[ be as above. We further assume that X and X' 
are strictly semi-stable over T. Then, the log blow-up (X x^ X')' = (X x^- X')^^,,^ 
is defined by t he fami lies V = {D^, . . . , D„, Ei, . . . , E„), P' = (D;, . . . , D'^, E[, . . . ,'e'J 
and i? = t in fll.3.0.3p . It contains the log product (X Xx X')~ as an open subscheme. 
The generic fiber of the log blow-up (X x^ X')' -^ X Xt X' is equal to the log blow-up 
{Xl Xl X'J ^ XlXlX'l used in [26]. If D = D' = 0, the log blow-up (X Xt X')' is 
equal to the log blow-up (X x^- X')' used in 



-^ G{Xt 



^ G{XlXlX'l) 



-> G{XlXlX'l) 



Lemma 1.4.5 Let (X Xx X')' — )■ X x^ X' be the log blow-up and let {D Xj X')', (X Xj 
D'Y C (X XtX')' be the proper transforms of D XtX',X Xt D' C X XtX'. We consider 
the open immersions 



(X Xt XJ \ {{D xj Xy U (X Xt DJ) -^^ (X Xt XJ \ (X Xt D')' 



HL 



{XlXlX'^Y — 

Then the canonical map 

(1.4.5.1) jv.Qi -^ R],jiL 

is an isomorphism on the log Stale site. 



> {XlX^X'JMXlXlD'J. 
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Proof. For an irreducible component Di of D, let {Di XjX')' C (X Xj-X')' denote the 
proper transform. For a subset J C {1, . . . ,n}, let i/: f]i^j{Di Xj X')' = {Df Xj X')' — )■ 
[X Xj X')' be the closed immersion. Then, we have an exact sequence 

n 

^ jiiQi ^ Q^ ^ nM -^ i{^,j}*Qe ^ ■ ■ ■ . 

Since (£>/ Xj X')' is log smooth over T, the canonical map i/^Q^ — )■ Rjt.iiL*Qe is an 
isomorphism by [32l Theorem (0.2)]. ■ 

Theorem 1.4.6 Let X and X' be proper weakly strictly semi-stable schemes of relative 
dimension d over T with smooth generic fibers and D = Di + ■ ■ ■ + Dn C X and D' = 
D[+- ■ ■+D'^ C X' be divisors with simple normal crossings relatively to T. Let it: Xt ^ X[ 
be an isomorphism of proper log smooth schemes over t compatible with the numberings of 
D and of D' . We put U = X \ D and U' = X' \ D' . 

Let T' C {Xl X]^ X'^y be a closed subscheme of dimension d satisfying 

(1.4.6.1) F' r\{DL^L X'^y C F' n {Xl Xl D'J 

and we put F = F' fl {Xl Xl X'j^)^ . Then, for F = F' fl {Ul ^l U'j^), the second projection 
P2: T -^ U'l^ is proper and, for the composition F* (ll.4.2.2p . we have 

(1.4.6.2) Tr(F*: //^([/i, Q,)) = deg(f„ A^J. 

Note that (F^, AxJ in the right hand side is defined in fll.4.3.3p using t^ : Xj — )• X[. 

Proof. By the argument in the beginning of the proof of [2S1 Theorem 2.3.4], the 
inclusion (11.4.6. ip implies that the second projection prg : F — t- f/^ is proper. Thus the 
endomorphism F* of H*{Ui, Qi) is defined. 

We prove the equality (11.4.6.20 first in the case where X and X' are strictly semi-stable. 
We put 

Hl\XLXLX'L,Qe{d)) = H^\XlXlUI{ju ^ l)iQi{d)), 
Hll^^iX XT X\ Q,(rf)) = iff4(X x^ t/', {3u X 1)!QK^)), 
i7f4 ,,(X, X, X;, Q,(rf)) = f^S(X, X, [/;, (j^ X l),Q,(rf)). 

Then, in [26l Lemma 2.3.2], the cycle class [F] e H}^[Xi^ Xl X'^,Qi{d)) is defined and 
the map F* is described in terms of the cycle class [F] as in the upper line of the diagram 
(11.4.6.41) below. We consider the image of [F] by the composition 

[F]G Hl^{XLXLX'L,Q,{d)) 

restriction 

i72^g,,(XxrX',Q,(rf)) 

restriction 

(1-4.6.3) [F,]G H^lUXtXtXiMeid)) 



6nTt]e iJf4(X„Q,(rf)) 

Tr 



17 



Similarly as Lemma [1.4.5[ the first arrow is an isomorphism by [521 Theorem (0.2)]. 

Since the cospecialization maps are compatible with the pull-back, cup-product and 
the trace maps, we have a commutative diagram 

(1.4.6.4) 



H:{UlQe) 



pr* 



> H:,{XixX'^,Qe) 



u[r] 



> H:{Uixm,Q^) 



cosp. 



cosp. 



L' 
cosp. 



HLM^Qi) 



^ HLAXiy<x',M) ^^ H. 



logc 



(f/fX[/^,Q,) 



Pri. 



Pi^l, 



cosp. 

> H*(Uj,Qe)- 



The composition of the arrows in the upper line is the map T* (ll.4.2.ip . We define T^ to 
be the composition of the arrows in the lower line. Then, we have 



;i.4.6.5) 



Tr(r*: H:iULMi)) = Tr(n o .,, : H*M,Qe)). 



By the standard argument of the proof of Lefschetz trace formula using the Kiinneth 
formula [SU Theorem (6.2)] and the Poincare duality [521 Proposition (4.4)] for log etale 
cohomology, the right hand side of (I1.4.6.5P is equal to Tr((5j*[ri]). Thus it is reduced to 
showing 



;i.4.6.6) 



Tr(<5;[r,]) = deg(r„A 



Xt 



In the definition of the left hand side Tr((5(*[ri]), we modify the diagram (11.4.6.31) using 
Lemma Om We consider the log blow-up {X XfX')' -^ XxtX' defined by (11.3.0.31) . We 
consider the proper transforms {DX'fX'y,{XxjD'y C {X XjX')' oi DxtX',X XtD' C 
X Xt X' and let ji : (X Xt XJ \ {{D Xj XJ U (X x^ DJ) -^ (X Xt X')' \ {D Xj XJ 
be the open immersion as in Lemma 11.4.51 In the following equalities, we define the left 
hand sides by the right hand sides 



H*,^,,{{XxrX'y,Qe) 
HI{{XlXlX'J,Q,) 



H*^^{{XxrXy\{XxjDy,j,,Qe) 
H*{{Xl XL X'l)' \ {Xl XL D'Ly,jiLiQi) 



etc. 



We consider a commutative diagram 
(1.4.6.7) 
Hl%XLXLX'L,Qeid)) ^ iJ2^((Xi x^ X^)', Q,(rf)) 



> H'^iiXLXLX'Lr,Qiid)) 



Hl%,^{XxjX',Qe{d)) > iJf4,,((XxTX')',QKrf)) > Hl^^{{X Xj Xr,Qi{d)) 



The vertical arrows are the restrictions and are isomorphisms by Lemma 11.4.51 and 
Theorem (0.2)]. The left horizontal arrows are isomorphisms by [26l, Corollary 2.2.2]. 
Further, by the proof of [261 Theorem 2.3.4] the cycle class [P'] G Hf^{{XL x^X^)', Q^(d)) 
is the image of [P] G Hf^{XL Xl X'^,Qe,{d)). Thus, in the diagram (11.4.6.31) . we may 
replace X x j. X' etc. by (X Xt X')' and [P] by [P']. Further, we may replace (X x^ X')' 
etc. by (X XxX')" etc. and [P'] by [P] and drop i*. Thus it is further reduced to showing 



:i.4.6. 



Tr(<5nP*]) = deg(P„AxJ 
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where the left hand side is defined by 

[f]e H'''{{XLXLX'^r,Qe{d)) 



restriction 
r2d 



restriction 



:i-4-6.9) [r,] e HlUix XT x')r, Qi{d)) 



Tr 



We prove fll.4.6.8p . The proof goes similarly as that of [251 Theorem 6.5.1]. We 
identify GrpK{{XL X]^X'^)^)q with Gr^G^^Xi x^X£)~)(q by the canonical isomorphism, 
cf. [251 Lemma 2.1.4]. Since we are assuming that X is semi-stable, the log product 
(X XtX')^ is regular. Hence, the restriction map GrfK{{XL x^Xj^)'") — )■ GrpK{{XL Xl 
X£)~) is a surjection and the class [T] G GrpK{{XL x^ X{^)~) is lifted to an element 
[f] e Gr%K{{X XjX'Y). We define the class [f] e H'^'^{{X Xj X'Y ,Q^{d)) as the 
Chern character. Since the Chern character is compatible with the pull-back, the class 
[r] G H^'^{{Xl Xl X'^r, Q^(rf)) on the top is the restriction of the class [P] G H^'^{{X x^ 
X')^,Qe{d)). Further the trace map H'^'^{Xt,Qe{d)) — )■ Q^ is the composition of the 
canonical map H^'^{Xt,Qeid)) -^ Hl^^{Xi,Qi{d)) with the trace map H^^^{Xi,Qi{d)) -^ 

Qi. Hence the left hand side of the equality (11. 4. 6. 81) is the image of [f] G H'^'^{{X Xj 
X')~, Qe{d)) in the second line of the diagram fll.4.6.91) with log removed everywhere. Thus 
the equality ( I1.4.6.8P follows from the compatibility of the trace map with the degree map 
[251 Lemma 6.5.4]. 

We reduce the proof of f ll.4.6.2p to the case where X and X' are strictly semi-stable. As 
in Corollary II. 4. 4[ we consider the semi-stable modifications X^ — )■ X and X^ — )■ X'. The 
isomorphism t^: Xj — )■ X^' induces an isomorphism tj^: X^t — )■ X^j. Thus, by Corollary 
11.4.41 it is reduced to the strictly semi-stable case. ■ 

1.5 Log stalks 

In the next subsection, we prove an important complement Proposition 11.6.21 to the log 
Lefschetz trace formula Theorem ll.4.61 As a preliminary, we briefiy recall some elementary 
terminology on log points and the stalks of a tamely ramified sheaf at a log geometric 
point. For more systematic account, we refer to [18^ Section 4]. A reader familiar with 
the generalities on log schemes may skip this subsection. 

Let t be the spectrum of a field F. If t is endowed with the log structure defined by the 
chart N ^ F sending 1 to 0, we call t a log point. Let i be the spectrum of a separably 
closed field F of characteristic p > 0. If t is endowed with the log structure defined by 
the chart Z(p) fl [0, oo) — )■ F sending any element a > to 0, we call i a log geometric 
point. For a log scheme Y, we call a morphism t -^ Y from a log point a log point of Y. 
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Similarly, we call a inorphisin t — )■ y from a log geometric point a log geometric point of 
Y. 

A typical example of log points and log geometric points are constructed as follows. 
Let Ol be a discrete valuation ring and regard T = Spec Ol as a log scheme with the log 
structure defined by the closed point t. Then, the scheme t endowed with the pull-back log 
structure is a log point. Assume further Ol is henselian and let L*'' denote the maximal 
tamely ramified extension of L. Then, the limit of the standard log structures on the 
spectra of finite extensions of L in L*'' defines a structure of log geometric point on the 
closed point i of Spec Oitr. A morphism T — )■ F of log schemes define a log point t — )■ F 
and further a log geometric point t — t- F . 

For a log geometric point t of a log scheme Y, the log strict localization Yf is defined 
in [IHl 4.5]. The definition of the log stalk Qt of a sheaf Q on the Kummer etale site on a 
log scheme F at a log geometric point t of F is given in fi8[ Definition 4.3]. We will make 
it explicit in a special case. 

Let 5* be a regular noetherian scheme and D be a divisor with normal crossings. We 
put W = S \ D and j: W ^ S the open immersion. Then, the log scheme 5* with the 
log structure Ais = ^s l~l j*C^ is log regular. We consider a locally constant sheaf J-" on 
W tamely ramified along D. The direct image j^J-" on the Kummer etale site of S* is a 
locally constant sheaf. Let g : Y ^ S he a. morphism of log schemes and we consider the 
pull-back Q = g*i*J^ to the Kummer etale site of Y . 

Let t — 7- y be a log geometric point and let s denote the geometric point of 5* defined by 
the composition t — )■ F — )■ S^Let g^ Yj — )■ Ss denote the map of the log strict localizations 
induced^ by g and j : W x s Sg ^ Sg denote the open immersion. The pull-back of F on 
ly X5 5*5 is a constant sheaf and hence the direct image F = j*{J^\^ry^ §-) ^^ ^ constant 
sheaf on the usual etale site of Sg- The log stalk Qt is canonically identified with the stalk 
{g*J^)i at i of the pull-back of the constant sheaf J-". The map ^: Ff — )■ Sg induces an 
isomorphism {j*J^)s — )■ Qt oi log stalks. 

Let f : X — )■ 5 be a proper weakly semi-stable scheme such that the base change 
X XsW -^ W is smooth and let fu: U ^ S he the restriction to the complement U G X 
of a divisor E G X with normal crossings relatively to S as in Lemma 11.1.61 Then, for 
an integer n invertible on S, by Lemma [1.1. 6[ the higher direct image J-" = W fu^T^/nL is 
locally constant on W and is tamely ramified along D. Let T = Spec Ol he the spectrum 
of a discrete valuation ring with the log structure defined by the closed point t E T and 
T — )■ S" be a morphism of log schemes such that the image of the generic point is in 
W. Then, the cospecialization map (i^'^/t/iZ/riZ)^ — )■ H'^{Ui,'L/nL) is an isomorphism 
and the log stalk {R^fu\7j/nL)t is canonically identified with the log etale cohomology 
Hy {Ut,'Ij/nZ) by the proper base change theorem. 

We consider the log cospecialization map. Let g: F — )■ S* be a morphism of log schemes 
and Q = g*j^J-' he as above. Let l^ C F be an open subscheme where the log structure 
is trivial and let 77 be a geometric point of V. Assume that the image of t in F lies in 
the closure of the image of f]. Then, by choosing a lifting of f] in Fj, a log cospecialization 
map Qt -^ Qfi is defined as the usual cospecialization map {g*J^)t -^ {.g*^)fj- Let ^ be an 
intermediate geometric point of V such that the image of i lies in the closure of the image 
of ^ and that the image of ^ lies in the closure of the image of fj. Then, by choosing liftings 
^ — )■ Ff and f/ — )■ 1^ — )■ Fj successively, we obtain the transitivity of cospecialization maps 

Qt -^ Q^^ Qfj- 

The following compatibility of the cospecialization map with the pull-back will be used 
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in the proof of Proposition 11.6.21 

Lemma 1.5.1 Let S be a regular noetherian scheme and W = S\D d S he the comple- 
ment of a divisor D with normal crossings. We consider a commutative diagram 



t -t- 



Y 



S. 




Y 



of morphisms of log schemes. We assume t is a log point and i is a log geometric point. 

Let h: Yf ^ Yf be the morphism on the log strict localization induced by h. Let fj be a 
usual geometric point of an open subscheme V G Y where the log structure is trivial. We 
take a lifting f] ^Yi and leth-.fj^f] be a morphism such that the diagram 



:i.5.1.11 



Tj 



V 



^ Y 



-^ Yt 



is commutative. 

Let J^ be a locally constant sheaf on W tamely ramified along D and we put Q = g*{j*J-') 
and Q' = g'*{j*J^) = h*Q . Then, for the isomorphism h* : Q^rj '^ G'fj, ^^ have a commutative 
diagram 

yt > yfj 



Proof. By the commutative diagram (11. 5. 1.11) . we have a commutative diagram 



nn 



cosp. 



> ~9*{J')f 



Thus it follows from the descriptions of the log stalks and the cospecialization maps. 



1.6 Compatibility with cospecializations 

We prove a compatibility with cospecialization maps, that is an important complement to 
the log Lefschetz trace formula. We consider the following data: 



(11. 6. 1.1b ) Let y be a log scheme and V^ C F be an open subscheme where the log structure is 
trivial. Let h: Y ^ Y he a morphism of log schemes satisfying h{V) C V. Let f/ be 
a geometric point of V and h: f/ — )■ f] be an automorphism compatible with h. 



(11.6.1.1b ) Let T be the spectrum Spec Ol of a discrete valuation ring Ol regarded as a log 
scheme with the log structure defined by the closed point t. Let T — )■ F be a 
morphism of log schemes such that the image of the generic point Spec L G T is 
in V and that the map t — ?■ F of log schemes is the same as the composition of 
t — 7- y — > y . Let t be a log geometric point above the log point t. 
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(11.6.1.1b ) Let X be a proper and weakly strictly semi-stable scheme of relative dimension d over 
Y such that the base change Xy = X XyV ^ V is smooth. Let E = Ei + ■ ■ ■ + En 
be a divisor of X with simple normal crossings relatively to Y. 

The data above are summarized in the following diagram: 
(1.6.1.1) XdE 




Let U = X\E be the complement and fu: U -^ Y he the restriction of /. Let Uy C Xy 
and Uy C Xy denote the base changes of f/ C X by the inclusion and the restriction h\y 
respectively. We consider the log product and the log blow-up {Xy x yXy)'" C {Xy x yXy)' 
with respect to the pull-backs {Eiy, . . . , Eny) and {E[ y, . . . ,E'^y) by the inclusion and 
by h\y of {El,. . .,En). Let {Ey XyXy)', {Xy Xy Ey)' C {Xy Xy Xy)' dcuotc the proper 
transforms of Ey x y Xy and of Xy x y Ey respectively. 

We consider a closed subscheme F C {Xy Xy X(/)~ flat of relative dimension d over 
V. Assume that the second projection prj: F = F fl {Uy Xy Uy) — )■ Uy is proper. Then, 
the geometric fiber Tfj C UfjXfjU^ defines a linear map F* : H^{U^, Qe) — )■ H^{Ufj, Qe) and 
the morphism id x h: Ufj ^ U^ induces an isomorphism h* : H^{Ufi,Qe) — > H^{U^,Qe). 
Consequently, the alternating sum 

2d 

(1.6.1.2) TT{r*oh*: H:{Uf^,Qe)) = ^2^-1)'^^ oh*: /J,«(f/^, Q,)) G Q, 

q=0 

is defined. 

Let Lt'. Xt ^ X^ be the isomorphism defined by the assumption that the map t — )■ F is 
the same as the composition with h: Y ^ Y. Then the alternating sum Tr(F* : H*{Ui, Qi)) 
is defined by f ll.4.2.3p . 

Proposition 1.6.2 Let the notations be as in the diagram (ll.6.1.ip . We take a lifting 
of the geometric point fj to the log strict localization Yi and assume that h: f] —> fj is 
compatible with the morphism h: Yi —^ Yi induced by h. Let V be a closed subscheme of 
{Xy XyX'y)' such that the intersection F = V r\{Xy Xy Xy)"" is flat of relative dimension 
d over V . We assume that we have an inclusion 



1.6.2.1) 



F' f\{EyXy X'y)' C F' n (Xy Xy E'y)' 



of the underlying sets and we put F = F' fl {Uy Xy Uy). 
We assume the following condition: 
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(I1.6.2I 2) There exist a regular noetherian scheme S, a proper weakly semi-stable scheme Xs — )■ 
S, a divisor Es C Xs with normal crossings relative to S and a morphism Yj — > 5 
from the usual strict localization satisfying the following conditions. The pull-hack 
of E G X over Y to Yi is isomorphic to that of Es C Xs- There exists a divisor Ds 
of S with simple normal crossings such that the pull-hack of Xs to the complement 
W = S\ Ds is smooth. 



Then, the second projection pig: F — )■ Uy is proper. For the alternating sum f ll.6.1.2p . 
we have 



(1.6.2.3) 



Tr(r* o h* : H:{U^, Q,)) = Tr(r* : H^iUi, Q,)). 



Proof. By the argument in the beginning of the proof of |26l Theorem 2.3.4], the inclusion 
f ll.6.2.ip imphes that the second projection prg : F —)■[/(/ is proper. 

By the definition of F* : H*{Ui, Qg)) -)■ H*{Ui, Qe)), it suffices to show the commuta- 
tivity of the diagram 



h:{u^, 



H*AU 



m 



log,c 




HtiU'^Mi) -^ Ht{U,,Q,) 



Hmy 



T* 



■H*M 



L;' 



where the non-horizontal arrows are the cospecialization maps. For the right square, it 
is a consequence of the compatibility of a correspondence with usual cospecializations. 
By the transitivity of cospecialization maps, the compositions of upward arrows are log 
cospecialization maps. By replacing Y by the strict localization, we may assume Y = Yi. 
We deduce the commutativity of the left quadrangle, from Lemma 11.5.11 and the 
assumption fll.6.2[ 2). Let fuy'- Uv -^ V and f'uy'-U'y — )■ V^ be the base changes of 



and g' = R>fi 



uy\^ 



fu'- U ^Y and we consider the higher direct images Q = R'^fu,v\^ 
Then, the log etale cohomology H^ {Ut, Qi) is identified with the log stalk Qt. The com- 
pact support cohomology H^{Ufj, Qi) and H^{U^, Qi) are also identified with the stalks Qf) 
and Q'f:. Thus, the commutativity follows from Lemma [1.5.11 ■ 
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2 Tamely ramified coverings 

In this section, we give a definition for an etale morpliism of schemes to be tamely ramified 
along the boundary. The purpose of studying tame ramification first is to define the wild 
ramification locus and to focus on it. 

First, we formulate the definition of an unramified morphism to be tamely ramified 
along the boundary using proper modifications and log products in Section 12.11 We give a 
tameness criterion in terms of valuation rings in Section [23] after recalling tamely ramified 
extensions of valuation fields and the limit of proper modifications in Sections 12.21 and 
12.31 respectively. We study the relation with Kummer coverings in 12.51 Finally, we give a 
criterion for a Galois covering to be tamely ramified in terms of inertia groups in | 



2.1 Tame ramification and log products 

We recall that a separated morphism of schemes V ^ U oi finite type is called unramified 
if the diagonal map 6v'- V -^ ^ x ^ V" is an open immersion. We consider a separated 
scheme Y containing V as an open subscheme and introduce a notion that an unramified 
morphism / : V ^ U is tamely ramified with respect to Y. 

Lemma 2.1.1 Let f : V —^ U be an unramified separated morphism of schemes of finite 
type and j : V ^ Y be an open immersion of separated schemes. Let V = {Di)i^j be a 
finite family of Cartier divisors ofY such that V^ n Dj = for every i E I. 
For a commutative diagram 



Y <- 



(2.1.1.1) 



S <- 



V 



u 



of separated schemes, let {Y Xs Y)^ be the log product and we define a closed subset 

Y (^W of the log diagonal with the closure of the open 



'Eyi^Y cY to be the intersection A 



{V XuV)\ Ay cVxuVinthe log product (Y Xs Y)'^. 



and closed subscheme W 

Then, the closed subset Tj'^ujY dY is independent of the choice of a diagram fl2.1.1.ip . 



Proof. We consider a commutative diagram (I2.1.1.ip with S replaced by another sep- 
arated scheme S' and show that Y^'^i^Y C Y are the same. It suffices to consider the case 
where S' = Spec Z. Hence, we may assume that there exists a morphism 5—7-5" that 
makes the diagram 

Y -5 




commutative. Then, the canonical map {Y Xg Y)^ -^ (Y Xgr Y)'^ is a closed immersion. 
Hence, the assertion follows. ■ 

Definition 2.1.2 Let f : V ^ U be an unramified separated morphism of schemes of finite 
type and j : V ^ Y be an open immersion of separated schemes. 
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1. For a finite family of Cartier divisors V = {Di)i^j of Y such that V fl -Dj = for 
every i E I , we define a closed subset T,y,jjY dY to he the intersection Ay^ nW of the log 
diagonal with the closure of the open and closed subscheme W = {V x^V) \ Ay cVxijV 
in the log product {Y XsY)^ as in Lemma f2.1.1\ by taking a commutative diagram fl2.1.1.ip . 

We define the wild ramification locus Hy/uY G Y of f : V -^ U with respect to Y to be 
the intersection f]^ Tl^^jY C Y where T> = {Di)i(zi runs finite families of Cartier divisors 
of Y as above. 

2. We say f : V ^ U is tamely ramified with respect to Y , if there exists a proper 
scheme Y' over Y containing V as an open subscheme such that HyjuY' = 0. 

If Y is quasi-compact, the condition Hv/u^ = is equivalent to the existence of a 
finite family V of Cartier divisors of Y as in Definition 12. 1.21 1 satisfying Ily,jjY = 0. 

2.2 Tamely ramified extension of valuation fields 

We will study tame ramification defined in the previous subsection in detail in Section 
12.41 As preliminaries, we first study tamely ramified extensions of valuation fields in this 
subsection and limit of compactifications in the next subsection. 

We recall the definition of tamely ramified extensions of valuation fields. For generality 
on valuation rings, we refer to [SI Chapitre 6] and [HI Chapter VI]. If L is a finite separable 
extension of a field K and if B is the integral closure in L of a valuation ring A of K, 
then the map from the finite set of maximal ideals of B to the set of valuation rings of L 
dominating A sending a maximal ideal m to the local ring B^ is a bijection ^ Chapitre 
6, Section 8, n° 3, Remarque]. 

Definition 2.2.1 Let L be a finite separable extension of a field K and B be a valuation 
ring of L. We put A = B D K . Let A^^ and B^^ be strict henselizations and let K'^^ and 
L^^ be the fraction fields. 

We say that L is tamely ramified over K with respect to B if the degree [L^^ : K^^] is 
invertible in B. 

If the residue field of B is of characteristic 0, an arbitrary finite separable extension L 
over K is tamely ramified with respect to B. 

We recall some standard terminologies on inertia subgroups. Let M be a finite Galois 
extension of a field K of Galois group G = Gal(M/i^) and A be a valuation ring of K. 
Let C C M be the integral closure of A and m be a maximal ideal of C. The subgroup 
D = {a G G \ cr(m) = m} is called the decomposition group of m and / = Kei^D -^ 
Aut(C/m)) the inertia group. The local ring Gm is a valuation ring. Let G^ be a strict 
henselization and let M'^^ be the fraction field of G^. Then, the /-fixed part of G^ is a 
strict henselization A'^^ of A. 

We regard the value group Ta = K^ /A^ as a subgroup of T^ = M^ /G^. Then the 
map/xM^ -^ (C/m)^ defined by {a,c) i-> cr(c)/c induces a pairing /xFrn/Fyi — )■ (C/m)^. 

Lemma 2.2.2 Let M be a finite Galois extension of a field K of Galois group G = 
Gal(M/i^) and A be a valuation ring of K. Let I G G be the inertia group of a maximal 
ideal va of the integral closure G G M of A. Let p be the characteristic of the residue field 

A/mA. 
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1. ( |4H Chapter VI §12 Corollary of Theorem 24] ) If p = 0, the pairing I x F^/F^ — )■ 
(C/m)^ is a perfect pairing of finite abelian groups. 

2. ([loc. cit. Theorems 24 and 25]) Assume p > and let {T^/Tj^)' denote the prime- 
to-p part ofTm/TA- Then, the kernel P of the induced map I — > Hom(Fm/FA, (C/m)^) is 
a unique p-Sylow subgroup of I and the induced pairing I/P x (F^/F^)' — t- (C/m)^ is a 
perfect pairing of finite abelian groups. 

In the following of this subsection, in the case p = 0, we put (F^/Fa)' = F^/Fa and 
P = 1. 

Corollary 2.2.3 Let K be a field and L be a finite separable extension of K . Let A be a 
valuation ring of K and B be the integral closure of A in L. Then the following conditions 
are equivalent: 

(1) For every maximal ideal m of B, L is tamely ramified over K with respect to B^- 

(2) There exist non-zero elements ti,...,t„ of the maximal ideal Ma and integers 
777-1, • • • ; "^n invcrtiblc in A such that the normalization B' of A in L[5'i, . . . , 5'„]/(5'™^ — 
ti, . . . , S'^" — tn) is finite etale over the normalization A' of A in K[Si, . . . , S'„]/(S'™^ — 

7i, . . . , 0„ in)- 

Proof. (1)^(2): We may assume L is a Galois extension of K. By Lemma I2.2.2[ 
L^^ is an abelian extension of K^^ and the pairing Gal(L'^'^/i^**'^) x (Tb/Ta)' -^ B^ is 
a perfect pairing of finite abelian groups of order prime to p. We take an isomorphism 
Z/777iZ © ■ ■ ■ © Z/777„Z -^ {Tb/Ta)' and its lifting 7: Z" ^ F^. Let ei, . . . , e„ G Z" be 
the standard basis and we take elements ti, . . . ,t„ e m^ satisfying VAiti) = rrii'y^ei) for 
7 = 1, . . . , n. Then, we have L^^ = K^^{ti^ ., . . . , tn "') and the assertion follows. 

(2)^(1): Since [L^^ : K^^] divides 7r7i ■ ■ -nin, the extension L is tamely ramified. ■ 

We give a criterion for a finite separable extension of valuation field to be tamely 
ramified. 

Proposition 2.2.4 Let L be a finite separable extension of a field K and B d L be a 
valuation ring of L. We put A = B H K , U = Spec K C S = Spec A and V = Spec L C 
Y = Spec B. Then, the following conditions (l)-(4) are equivalent: 

(1) L is tamely ramified over K with respect to B. 

(2) There exists a finite family T> = {Di)i(zi of Cartier divisors of Y such that the 
intersection Hy,jjY = W H Ay^ with the closure ofW = VxijV\ Ay in the log product 
{Y Xs Y)^ is empty. 

(3) Let M be an arbitrary finite separable extension of L and a: L -^ M be a morphism 
over K different from the inclusion. For an arbitrary valuation ring C of M dominating 
B and (t{B), there exists a non-zero element b & B such that <y{h)/h ^ 1 mod vcvc. 

(4) Let M be a finite Galois extension of K of Galois group G = Gal(M/i^) containing 
L as a subextension and m. be a maximal ideal of the integral closure C G M of B such 
that -B n m = ms ■ Then, the subgroup H = Gal(M/L) C G = Gal(M/i^) contains the 
conjugates of the p-Sylow subgroup P of the inertia group I o/m. 

In (2), we did not say that V —^ U is tamely ramified with respect to Y because the 
canonical map V ^ Y may not be an open immersion. 

Proof. (2)^(3) Let V = {Di)i^j be a finite family of Cartier divisors oi Y = Spec B 
such that Ti^,yY = 0. Since G dominates B and cr(S), the compositions L^ — )► M^ — )■ F^ 

26 



and L^ A M^ — )■ Tc are equal. Hence, the map 7 = (i, a) : Z = Spec Cm -^ Y XsY 
induces a map 7: Z — )■ {Y Xs Y)^ to the log product. Since a is different from the 
inclusion, the image 7(2^) is in the closure W oi W = V Xu V \ Ay. Hence, we have 

7(^) n A'^' c s^/^r = 0. 

For i & I, let 6j G -B an element defining the divisor Dj. Then, the closed subscheme 
AyS C (Fx5F)~ is defined by the ideal (6® 1 - 1 6; 6 G 5, (6^ ® 1)/(1 ® 6^) - 1; i G /). 
Hence the closed subscheme of Z defined by (o'(6) —b;bEB, a{bi)/bi — 1; i G /) is empty. 
Namely the ideal of Cm generated by a{b) —b for b E B and a{bi)/bi — 1 for i G / contains 
a unit. Thus the assertion is proved. 

(3)^(2) We put W = V XuV \Av = Ujgj Spec Mj. We regard Mj as an extension 
of L by the map defined by the first projection and let (Jj: L ^ Mj be the map defined 
by the second projection. For each j G J, the set {Cij | i G Jj} of valuation rings of Mj 
dominating both B and ci{B) is a finite set. For each Cij, take a non-zero element bij G B 
such that cij{bij)/bij ^ 1 mod rric. . and let Dij be the Cartier divisor of Y defined by bij. 
We put / = Ujgj/j and let V = {Dij)j^j^i^j^ be the family of Cartier divisors. 

We show that S^,^F is empty. Let Zj be the closure of Spec Mj in the log product 
(Y X5 F)~. Then, we have W = [J.^j Zj and S^/^F = Ujgjl^i ^ A^^). Hence, if S^/^F 
was not empty, the intersection Zj fl Ay^ would contain the closed point y oi Y for some 
index j G J. Take a valuation ring C of M^ dominating the local ring Oz ,y Then, C 
dominates B and (Tj{B). Hence it is equal to Cij for some i G Ij and o'j{bij)/bij — 1 is a 
unit of C = Cij. On the other hand, since the image y of the closed point of C is in Ay^, 
the ideal {crj{b) —b;bEB, (Jj{bik)/bik — 1; A; G J, i G /fc) is different from C, as in the proof 
of (2)^(3). Thus, we obtain a contradiction. 

(1)^(3) We may assume M is a Galois extension and extend a: L — )■ M to an element 
of the Galois group G = Gal(M/i^). Then, since both C and alC) dominates o"(-B), 
there exists t E C such that t{C) = <j{C) and that T\a{L)'- cr{L) — )■ M is the inclusion. 
Replacing a by r^^cr if necessary, we may assume a is in the inertia group / C G of the 
maximal ideal of vac- By the assumption that o"|l 7^ id^, it is not an element of the 
subgroup H = Gal(M/L) C G corresponding to L. 

We consider the perfect pairings I/P x (Fm^/F^)' -)■ C^ and (/ fl H)/{P f\ H) x 
iVmcl^B)' -> C^. Since [L''^' : K""^] = [I : I f] H] is invertible in B, the induced pairing 
I/{lr\H) X (Fb/F^)' — )■ C^ is perfect. Since (t|l is not the identity, there exists an element 
b E L^ such that a{b)/b ^ 1 mod mc;. 

(3)^(4) Let a be an element of a conjugate rPr^^ of P. We regard L as a subfield of M 
by t\l: L — )■ M. Then, the maximal ideal m' = 'r(m) satisfies cT(m') = m' and T[j}{va!) = 
{a o r|i)"^(rri') is equal to 5 fl m = m.B- If o" was not an element of H, the condition (3) 
would imply the existence of an element b E L^ such that a{T{b))/T{b) ^ 1 mod m'. This 
implies that the order of a is not a power of p. Thus, we get a contradiction. 

(4)=^(1) Let M be a finite Galois extension of K containing L as a subfield and we 
put G = Gal{M / K) D H = Gal(M/L). We take a maximal ideal m of the integral closure 
C above the maximal ideal of B and let I be the inertia group of m. Then, the inertia 
group / is identified with the Galois group Gal(M'^'^/i^'^'^) and H H I is the subgroup of 
/ corresponding to the field L^^. Hence P G H implies that [L^^ : K^^] = [I : I H H] is 
prime to p. ■ 
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2.3 Limit of compactifications and valuation rings 

We study local rings of the limit of compactifications. Let 5* be a separated noetherian 
scheme and U he a. separated scheme of finite type over S. We consider the category Cu/s of 
compactifications of U over S. Namely an object of Cu/s is a pair (X, j) of a proper scheme 
X over S and an open immersion j: [/ — )• X over S. A morphism /: {X',j') — )■ (X, j) is 
a morphism / : X' — )■ X of schemes over S such that f o j' = j- In the following, we omit 
to write an open immersion j by abuse of notation. By Nagata's embedding theorem |30] . 
the category Cjj/s is non-empty. If X and X' are objects of Cu/s, the schematic closure of 
the diagonal map f/ — )■ X x 5 X' is an object of Cu/s- Hence, the category Cu/s is filtered. 
Since a blow-up X' — > X is proper, the objects such that U is the complement of a Cartier 
divisor are cofinal in Cu/s- 

We consider the projective limit X = lim X in the category of local ringed 

i — xeCu/s 

spaces. The underlying topological space X is known to be quasi-compact [8, Theorem 
5.14]. For a point x = (xx) G X, we put Oj^ - = hg^ ^ Ox,xx- We will describe the 

limit X and the local rings O^ - in terms of valuation rings. 

Definition 2.3.1 Let U be a scheme, u E U he a point and A he a valuation ring of the 
residue field k{u). 

1. We say A is U -external, if A ^ k,{u) and if there exists no intermediate ring 
A C A' ^ k{u) such that the map u ^ U is extended to Spec A' -^ U . 

2. Let U ^f S he a separated morphism of schemes. We say A is S-integral, if the 
composition u -^ U -^ S is extended to a morphism Spec A — > S*. 

Let u & U and A ^ n{u) be an S'-integral valuation ring. Then, for an object X of 
Cu/Si the inclusion u -^ U is uniquely extended to a morphism Spec A — )■ X over S by 
the valuative criterion of properness. The valuation ring A is ^/-external if and only if 
{u} = U Xx Spec A ^ Spec A. In this case, the images xa € X \ f/ of the closed point of 
Spec A define a point xa = (xa) of the projective limit X \U = lim X \U. Thus, 

i AGC(7/s 

we obtain a natural map 

(2.3.1.2) TT {[/-external and S'-integral valuation ring of k{u)} —^ X \U 

We show that this is a bijection. 

Lemma 2.3.2 (cf. [8^, 5.4]) Let S he a separated noetherian scheme and U he a separated 
scheme of finite type over S. Let x = {xx)x E X \U he a point in the complement and 

Then, there exists a unique point u E U such that U Xx Spec Oj^ - = Spec Ou,u for 
every ohject X of Cu/s- The canonical map Oj^ - — )■ Ou,u is injective and its image is the 
inverse image of a U -external and S-integral valuation ring A of k,{u). For each ohject 
X of Cu/s J the point Xx is the image of the closed point of Spec A hy the unique map 
Spec A — ;■ X over S extending u ^ U . 

Proof. Let x = {xx)x G X \ f/ be a point in the complement. Since U Xx Spec C^ - is 
independent of X, it suffices to show the existence oi u E U such that U Xx Spec O^ - = 
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Spec Ou^u for one object X G Cu/s- Take an object X G C^/5. We may assume U is the 
complement of a Cartier divisor D <Z X. 

By [HI Proposition 5.12], the local ring O^ - is /^^-valuative for J^j = Xp ,j._y(9jj - in the 
terminology loc. cit. Hence, V{U Xx Spec O^ -, O^) = hg^, r(f/ Xx' Spec Cx',x^,, C'x') 
is a local ring and is a localization of r(f/ Xx Spec Cx,ajf 5 ^x) further by P Proposition 
5.11]. Thus, it is equal to the local ring Ou,u at a point u E U. Further by [U Proposition 
5.11], the canonical map Oj^- — )• Ou^u is an injection and its image is the inverse image 
of a valuation ring A of k(m) by the surjection Ou,u -^ n{u). 

Since V{U Xx Spec O^ -, Cj^) = C;/,^, the valuation ring A is [/-external. Since A is 
X-integral, it is S-integral. The image xx of the closed point of Spec O^ - is the same as 
the image of the closed point of Spec A by the induced map Spec A -^ X . ■ 

Corollary 2.3.3 The map ( 12.3. 1.2p is a bijection. The inverse is defined by sending x 
to the valuation ring 0^-/mu = Image(C^ - — )■ k{u)) C h{u), in the notation of Lemma 
12X21 

Proof. Let m G [/ be a point and A be a [/-external and S'-integral valuation ring of k{u). 
Let X G X be the point defined by the images of the closed point of Spec A. We consider 
A' = O^ j/tri„' C k{u') as in Lemma I2.3.2[ We have a natural local homomorphism 
^x X '^ ^- ^y 13 Proposition 5.11], the ideal m„/ C Oj^ ~ is the intersection f]^ J?. Since 
A is [/-external, we have f]^I^A = 0. Hence, it induces a local homomorphism A' — )■ A. 
Since A' is also [/-external, we obtain u' = u. Further, since the valuation ring A C n{u) 
dominates A' C k(m), we obtain A' = A. ■ 

2.4 Tame ramification and valuation rings 

We give a criterion for tame ramification in terms of valuation rings, in Proposition 12.4.31 
We slightly generalize Definition 12.1.21 2. 

Definition 2.4.1 Let T be a separated noetherian scheme and V be a separated scheme 
of finite type overT. Let f : V ^ U be an unramified morphism of finite type of separated 
schemes. We say f : V ^ U is tamely ramified with respect to T, if there exists an object 
Y ofCy/T such that f : V ^ U is tamely ramified with respect to Y . 

Since the category Cy/x is non-empty and is filtered, the map /: V^ — )■ [/ is tamely 
ramified with respect to T if and only if it is so for every object of Cv/t- 

Lemma 2.4.2 Let T be a separated noetherian scheme and V be a separated scheme of 
finite type over T. Let f : V ^ U be an unramified separated morphism of finite type 
of schemes. Then, for a point v E V and a T-integral and V -external valuation ring 
(Definition 12. 3. ip B of k,{v), the following conditions are equivalent: 

(1) There exists a proper scheme Y over T containing V as an open subscheme such 
that the closed subset J^y/u'^ '^ Y does not meet the image of the map Spec B ^Y . 

(2) The finite separable extension k{v) over K{f{v)) is tamely ramified with respect to 
B. 
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Proof. (1)^(2) Clear from Proposition (21231 (2)^(1). 

(2)^(1) By Proposition ^ZT^ (1)^(2), there exists a finite family V = {Di)i^i of 
Cartier divisors of Spec B such that S^/,/ ^Spec B is empty. Let Y = lirn F be the 

limit of compactifications and y = (i/y)y G F be the point corresponding to i? C k{v). 
We take a non-zero divisor fi & B defining Di and a lifting /j G Oy - for each i E I. Since 
Oy - = liSy ^y,j/y) there exist an object Y of Cy/T, an open neighborhood W of yy and 
non-zero divisors (^j G r(py,(9y) invertible on V^ fl VT sent to /« for i E I. By replacing 
y by the blow-up of the closure of the divisors of Qi, we may assume that there exists a 
finite family Vy = {Dy^ijiei of Cartier divisors of Y such that Dy^i fl V^ = and Dyi fl W 
is defined by gi for each i E I. Then the inverse image of E^T^y by the map Spec B ^Y 
is equal to S^,.. sSpec B and hence is empty. Thus the assertion is proved. ■ 

Proposition 2.4.3 Let T he a separated noetherian scheme and V he a separated scheme 
of finite type over T . For an unramified separated morphism f : V -^ U of finite type of 
schemes, the following conditions are equivalent: 

(1) f : V ^ U is tamely ramified with respect to T. 

(2) For every point v E V and for every T -integral and V- external valuation ring 
(Definition l2.3.1l) B of k,{v), the extension k,{v) over K,{f{v)) is tamely ramified with respect 
to B. 

Proof ( 1 ) ^ (2) It follows from Lemma I^X^ (1)^(2). 

(2)^(1) Let Y = lirn Y he the limit of compactifications and let rcy: Y ^ Y 

denote the projection. By Lemma [2.4.21 (2)^(1), for every point y E Y oi the boundary, 
there exists a proper scheme Y over T containing V as an open subscheme such that 
the inverse image of Sy/jyV C Y does not contain y. In other words, the intersection 
riyec '^Y^i^v/u^) C F is empty. Since Y is quasi-compact and since the category Cy/r 
is filtered, there exists an object Y of Cy/r such that 71y^(Tiv/uY) is empty. Thus the 
assertion follows. ■ 

Corollary 2.4.4 Let T he a separated noetherian scheme and V he a separated scheme of 
finite type over T. Let f : V -^ U he a separated unramified morphism of finite type. If 
one of the following conditions is satisfied, then / : V ^ U is tamely ramified with respect 
toT. 

(1) T is a scheme over Q. 

(2) U is a G-torsor over V for a finite group G of order invertihle on T. 

Proof. Let f G l^ be a point and i? be a T-integral and ^-external valuation ring 
of K,{v). Then, either of the conditions (1) and (2) implies that the extension k{v) over 
K,{f{v)) is tamely ramified with respect to B. Hence the assertion follows from Proposition 
|2X3](2)^(1). ■ 

Corollary 2.4.5 Let T he a separated noetherian scheme and V he a separated scheme of 
finite type over T. Let f : V ^ U he an unramified and separated dominant morphism of 
schemes of finite type. Assume that U and V are integral and let C, E U and tj E V he the 
generic point respectively. We consider the following conditions: 
(1) f : V -^ U is tamely ramified with respect to T. 
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(2) The extension K{ri) of k,{C,) is tamely ramified with respect to an arbitrary T -integral 
valuation ring of K^rj). 

Then, the implication (1)^(2) always holds. The other implication (2)^(1) holds if 

V is regular. 

Proof. Similarly as Lemma [2.4.21 and Proposition I2.4.3| the condition (1) implies (2). 

(2)^(1) Assume V is regular. Let v E V and let B C k{v) be a T-integral valuation 
ring. Since V is regular, there exists a valuation ring Bq C ^{ri) dominating Oy^v such that 
the residue field of Bq is k,{v). Let Bi be the inverse image of 5 C k{v) by the surjection 
Bq — )■ K,{v). Then Bi C K,{ri) is a valuation ring and T-integral. Thus, by Proposition 
12.4.31 it suffices to show that k{v) is tamely ramified over k{u) with respect to B assuming 
K{r]) is tamely ramified over k,{^) with respect to Bi. 

We put A = B n k{u) and Ai = i?i fl k(0- Then, the map Ai — )■ A is a surjection 
and we have k,{v) = k{u) ^Ai Bi. Hence we have B = A ^^i Bi. Let A^^ and Bf^ be the 
strict henselizations and k(Oi'^ ^-^d ^(r])^^ be their fraction fields. By the assumption, the 
degree [K{ri)f' : n{^)f^] is invertible in B. Let A^^ and B'^^ be the strict henselizations and 
K{uy^ and k{vY^ be their fraction fields. Then, A^^ and B^^ are quotients of Af^ and of 
Bf^ and the canonical map k,{uY^ ®^sh Bf^ — )■ k{vY^ is an isomorphism. Hence, we have 
[k{vY^ : k{uY^] = [K(r]Y^ : /«(0i'^] ^^^^ the assertion follows. ■ 

The following example shows that the condition (2) need not imply (1) if we replace 
"regular" by "normal". 

Example 2.4.6 Let k be an algebraically closed field of characteristic p > 0, i? be an 
ordinary elliptic curve over k and £ be a very ample invertible (!?£:-module on E e. g. 
C(3 • [0]). Let Xq = Spec 0r(E,£^") be the affine cone. The blow-up Xi of Xq at 
the origin is the line bundle over E associated to C. Let Yi — > Xi be the base change 
of the map V : E^^ — )■ E and Iq ~^ ^o be the Stein factorization of the composition 

Yl ^ Xi ^ Xq. 

Let C — 7- C" be a finite etale cyclic covering of affine curves of degree p. We assume 
that the map C — )■ C of the compactifications is wildly ramified. We put V = Yq x C, 

Y = Yq X C and we consider the action of E[p]{k) x Gal(C/C") ~ (Z/pZ)^ on Y. Let 
G C E[p]{k) X Gal(C/C") be a diagonal subgroup and X = Y/G be the quotient. Since 
the action of G on V is free, the map / : V ^ U = V/G is finite and etale. 

We show that Y —^ X satisfies (2). Since V: E^^'' -^ E is finite etale, the blow-up 
Yi — 7- Xi of Yq — 7- Xq is finite etale. Hence, the action of G on Yi x C is free and the map 
YixC ^ (Yix C)/G is finite etale. _ 

We show that Y ^ X does not satisfy (1). The inclusion C — )■ F at the origin of 
Yq induces C — ?■ X. By the assumption, the covering C — )■ C is widely ramified at the 
boundary c E C \C. Since the valuation ring O-^ ^ is F-integral, the assertion follows. 

2.5 Tame ramification and Kummer coverings 

We consider a finite etale morphism f : V ^ U oi separated schemes of finite type over 
a separated noetherian scheme S. We study the condition for /: V^ — )■ ?7 to be tamely 
ramified with respect to S in terms of Kummer coverings. 
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Definition 2.5.1 Let X be a scheme, U G X be an open subscheme and f : V ^ U be a 
finite Stale morphism. 

1. Let X E X \ U be a point of boundary. We say f: V -^ U is of Kummer type 
at X if there exist an open neighborhood W of x, functions ti,...,tn € r{W,Ox) in- 
vertible on Uw = U r\ W, integers mi, . . . ,mn > 1 invertible on W and an etale sur- 
jective morphism W — )■ W , such that the base change of f : V ^ U by the etale map 
U Xx {W[Si, . . . , Sn\/{S'^^ - ti, . . . , SJ^" -tn) y<w W) -^ U is a constant etale covering. 

2. We say f : V ^ U is of Kummer type with respect to X if it is of Kummer type at 
every point of x G X \U. 

Lemma 2.5.2 Let S be a separated noetherian scheme and f : V ^ U be a finite etale 
morphism of separated schemes of finite type over S. Then, for a point u G U and an 
S-integral and U -external valuation ring A of n{u), the following conditions are equivalent: 

(1) For every point v G f^^{u) and for every valuation ring B of k{v) dominating A, 
the extension k{v) over k,{u) is tamely ramified with respect to B. 

(2) There exists a proper scheme X over S containing U as an open subscheme such 
that V ^ U is of Kummer type at the closed point x of the image of Spec A ^ X . 

Proof. (2)^(1) It follows from Corollary [2X3] (2)^(1) . 

(1)^(2) By Corollary 12. 2. 31 (1)^(2). there exists non-zero elements ti, . . . ,tn G vcia and 
integers mi, . . . , rrin > 1 invertible in A such that, for every v G f~^{u), the normalization 
of A in k{v)[Si, . . . , S'„]/(S'™^ — ti, . . . , S"^" — t„) is finite etale over the normalization 
of A in Kiu)[Si, ..., S„]/iSr -ti,...,S^-- tn). We put Ai = A[Si, ..., ^„]/(^r - 
ti, . . . , 5*^" — tn). Then, there exist an etale A-algebra A' and a maximal ideal m' of A' 
above the maximal ideal vcia such that the etale covering Vu = V Xu u oi u is trivialized 
by the base change A ^ A' ®a ^i- 

Let X = lirn X be the limit of compactifications and x G X be the point 

— >xeCu/s 

corresponding to A C k{u). We write A = Oj^- and let p = m„ C A denote the 

kernel of the surjection A ^ A. We take liftings ti, . . . , t„ G A of ti, . . . , t„ G A and put 
Ai = A[Si, . . . , Snl/iS"^^ -ii,. . ., 5™" - 1„). We also take an etale A-algebra A' such that 
A'l^^A = A' and put A[ = A'l^^Ai. Then, we have an isomorphism A[i^^A — > A'i^aAi. 
Let m' be the maximal ideal of A' above m' and xh'i be a maximal ideal A[ above fix'. We 
will apply the following lemma to the localization A'^ ^, . 

Lemma 2.5.3 Let A be a local ring and p be a prime ideal of A such that A is canonically 
isomorphic to the inverse image of A/p by the surjection A^ — )■ k{p). Let B be a finite 
A-algebra such that B^aA^ is flat over Ap and that B0ai^{p) is isomorphic to the product 
k(P)". We define an A-subalgebra B' of B^aA^ to be the inverse image o/ (A/p)" by the 
surjection B ®a A^ ^ B ®a k(p). Then, B' is finite etale over A and the canonical maps 
B ^A^p ^ B' ®A ^p and B'/pB' — )■ (A/p)" are isomorphisms. 

Proof. We may assume B is p-torsion free and identify B C B^A^p- By the assumption 
on A, the prime ideal p = Ker(y4 — )■ A/p) is equal to the maximal ideal pAp = Ker(74p — )■ 
k{p)). Hence, we have pB' C pAp{B (g)^ Ap) = pAp ■ B = pB C pB'. Thus, we have 
an equality pB' = pAp{B ®a ^p) and an isomorphism B'/pB' — )■ (A/p)". Since the A- 
module B' / B is isomorphic to {A/p)^ /{B/pB), the A-module B' is of finite type. Hence, 
by Nakayama's lemma, B' is finite flat over A and hence is etale over A. The canonical 
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map B ®A k(p) — !■ B' ®a /^(p) is an isomorphism and hence B ®^ Ap — t- B' (g)^ Ap is also 
an isomorphism. ■ 

We go back to the proof of Lemma [2.5.2[ By [8, Proposition 5.11], the local ring A is 
canonically isomorphic to the inverse image of A/p by the surjection A^ — )■ k{p). We show 
that the local ring A[ ^, also satisfies the condition of Lemma 12.5.31 Since A[ is flat over 

A, it follows that A[ is canonically isomorphic to the inverse image of A[/pA[ = A' ®^ Ai 
by the surjection A[ <^x^p ~^ ^i ®a '^(P)- Thus the claim follows by localization. 

By Zariski's main theorem, there exists a finite A-algebra B such that B ®^ Ox,u 
is isomorphic to T{V x^/ Spec Ox,u,Ov)- Hence, by Lemma [2.5.31 the base change of 
K X(7 Spec Ox,u -^ Spec Ox,u by A — )■ A[ is extended to a finite etale covering on a 
neighborhood of mi. By replacing A' by an etale algebra, we may assume that the base 
change oi V Xu Spec Ox,u — ^ Spec Ox,u by A — )■ A[ is a constant finite etale covering. 

Since A = ^vaiyOx,xxy there exist an object X of Cu/s, an open neighborhood W 
of xx and non-zero divisors /i, . . . , /„ G T(W, Ox) invertible on U H W sent to tj for 
i = 1, . . . ,n and an etale morphism W' — )■ W such that A' is the pull-back of W — )■ W 
by Spec A ^ 1^. We put Wi = W[Si, . . . , 5„]/(^r - ^~i, • • • , 5;^" - t„). Then, replacing 
X if necessary, the base change oi V -^ U hj Wi x ^ W — )■ X is a constant finite etale 
covering. ■ 

Proposition 2.5.4 Let S be a separated noetherian scheme and f : V ^ U be a finite 
etale morphism of separated schemes of finite type over S. Then, the following conditions 
are equivalent: 

(1) f : V ^ U is tamely ramified with respect to S. 

(2) There exists a proper scheme X over S containing U as an open subscheme such 
that V ^ U is of Kummer type with respect to X . 

Proof. (2)^(1) It follows from Lemma [2A2 (2)^(1) and Proposition [2X3] (2)^(1). 

(1)^(2) By Proposition [2X31 (1)^(2) and Lemma [23:2] (1)^(2), for every point 
X G X of the boundary, there exists a proper scheme X over S containing U such that the 
maximum open subscheme Wx C X where V ^U is oi Kummer type contains the image 
Tix{x). In other words, the family {'k^{Wx))x<^Cu/s ^^ ^^ open covering of X. Since X 
is quasi-compact and since the category Cu/s is filtered, there exists an object X of Cu/s 
such that •n^iWx) = X. Thus the assertion follows. ■ 

2.6 Tame ramification of Galois coverings 

The following proposition shows that the definition of tame ramification here is equivalent 
to that given by Gabber [40t Section 2.1] for Galois coverings. 

Proposition 2.6.1 Let S be a separated noetherian scheme and U be a separated normal 
integral scheme of finite type over S. For a G-torsor f : V ^ U for a finite group G, the 
following conditions are equivalent: 

(1) f : V —^ U is tamely ramified with respect to S. 

(2) There exists a proper normal scheme X over S and an open immersion f/ — )■ X 
over S such that for every geometric point x of X , the order of the inertia subgroup Jj. C G 
is invertible at x. 
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Proof. (1)^(2) By Proposition 12.5.41 (1)^(2). there exists a proper normal scheme X 
over 5* and an open immersion U -^ X over S such that V ^ U is oi Kummer type with 
respect to X. Hence the assertion follows. 

(2)^(1) For every point u & U, for every S'-integral and ^/-external valuation ring A 
of n{u), for every v G f^^{u) and for every valuation ring B of /t(t') dominating A, the 
order of the inertia group Ib/a is invertible in A. Hence, by Proposition 12.4.3) (2)^(1), 
the map V^ — )■ f/ is tamely ramified with respect to S. ■ 

Corollary 2.6.2 Let f : V ^ U be a finite etale morphism and let X be a normal scheme 
containing U as a dense open subscheme. We assume f : V ^ U is G-torsor for a finite 
group G. We consider the following conditions: 

{1) f : V -^ U is tamely ramified with respect to X. 

(2) For every geometric point x of X, the order of the inertia subgroup Ig. (Z G is 
invertible at x. 

(3) Let X be an arbitrary point of X such that the local ring Ox,x is a discrete valuation 
ring. Then, f : V ^ U is tamely ramified with respect to Ox,x ■ 

Then, we have implications (2)=^(1)=^(3). If X is a regular separated noetherian 
scheme and if U is the complement of a divisor with normal crossings, then (3) implies 
(2). 

Proof. (2)^(1) It follows from Proposition ESU (2)^(1). 
(1)^(3) It follows from Proposition [MJ (1)^(2). 

(3)^(2) By [351 Proposition 5.2] (Lemme d'Abhyankhar absolu), the condition (3) 
implies that ^ — )■ [/ is of Kummer type with respect to X. Hence (3) implies (2). ■ 

If we drop the assumption that U is the complement of a divisor with normal crossings, 
the implication (1)^(2) nor (3)^(1) need not hold even if X is regular, as the following 
examples show. The authors thank M. Raynaud for the help to find Example 12.6.31 2. 

Example 2.6.3 1. Let k be an algebraically closed field of characteristic p > and Vq — > 
f/o = Spec fc[t,t~^, (t — l)^"*^] = P^ \ {0, 1, oo} be a finite etale connected Galois covering 
of degree divisible by p tamely ramified at 0, 1, oo. We put X = A^. = Spec k[x, y] D U = 
Spec k[x, y, {xy{x — y))~^] and define a map f/ — )■ f/o by sending t to x/y. Let V = VoXu^U 
be the pull-back by the map U ^ Uq. Then, since Vq — )■ f/o is assumed tamely ramified, 
the covering V -^ U is tamely ramified with respect to X and satisfies the condition (1). 
Since the inertia group at the origin G X is equal to the Galois group Gal(f/o/Vo), the 
condition (2) is not satisfied. 

2. Let k he a field of characteristic p > 3 and ?7i > 1 be an integer. We consider the 
cyclic covering 

Z= Spec k[x,y, z]/(2P-^-(a;2"^(P-^)-^ + x'"(P-^)y'"(P-i) + y2m(p-i)^) 



X = A| = Spec k[x,y] 

of degree p- 1 ramified at the divisor D = (a;2™{p-i)-i +a;™{p-i)y™{p-i) + y2m(p-i))^ ^^ p^^ 
U = X\D and W = Z XxU. We consider the Artin-Schreier covering oi Z Xx {Gm x A^) 
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defined by T^ - T = y'^^v-^h / x'^p . Since 



/y2m{p-l) _ /^2m{p-l)-l _j_ ^m{p-l) ym{p-l) _|_ y2m{p-l)\ _|_ ^m{p-l)ym{p-l)\^ 



rnmpymp 
^m(p-2)-l ^ 



,mp 



it is extended to a finite etale covering on Z \ 7r^^(0). Hence it defines a finite etale Galois 
covering K — ?■ f/ of Galois group F^ x Fp, tamely ramified with respect to X \ {0}. Thus 
the Galois covering V ^ U G X satisfies the condition (3) in Corollary I2.6.2I 

Let X' — )■ X be the blow-up at the origin and Z' be the normalization of X' in W . We 
put t = x/y. Then, since x^^^p-^)"^ + a;™(P-i)?/"(P-i) + y^^(p-^) = y2m{p-i)-i(^^2mip-i)-i ^ 
^in{p~i)y _|_ y^^ ^Yie cyclic covering Z' -^ X' is totally ramified along the exceptional divisor 
E C X' and the valuation of y^ip-'^) z / x^^ = ^/(x^'^t™*^^"^^) at the generic point of the 
inverse image E' = E Xx' Z' is {2m{p — 1) — 1) — 2'm{p — 1) = —1. Hence the Artin- 
Schreier covering V ^ W is totally ramified along E' and V ^ U is not tamely ramified 
with respect to X. Thus the Galois covering V ^ U G X does not satisfy the condition 
(1) in Corollary ESU 
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3 Complements on localized intersection products 

We compute certain tor-sheaves in Section 13.11 This computation plays a crucial role in 
the proof of the excision formula and of the blow-up formula in Section 16.21 We recall the 
definition of the localized intersection product and some useful formulas in Section 13.31 

The results in Sections 13.21 and 13.41 are used only in an explicit computation of the 
logarithmic different in Section 15.11 In Section 13.41 we prove a refinement of the excess 
intersection formula [25| Proposition 3.4.2], which relates the classes of certain tor-sheaves 
defining the localized intersection product with the mapping cone of exterior derived power 
complexes. In Section 13.21 we show that the class of the mapping cone of exterior derived 
power complexes is given by the localized Chern class. 

3.1 A computation of Tor sheaves 

We compute certain Tor sheaves related to blow-up. We recall some terminology on tor- 
sheaves. For a cartesian diagram 



Y <- 
(3.1.0.1) 

S ^-^ X 

of schemes, a quasi- coherent Ox-module J-", a quasi-coherent Oy-module Q and an in- 
teger g > 0, a quasi-coherent O^-module Tor^^{J^,Q) is defined in [TOl (6.5.3)]. If 
S = Spec A,X = Spec B,Y = Spec C are affine and if J-" and Q are the quasi- 
coherent sheaves associated to an 5-module M and an C-module A^ respectively, then 
Tor^s{F,Q) is associated to the B ®a C-module Torf{M,N). If J" = Ox, we put 

Lj*g = ror^s^Ox,g). 

Definition 3.1.1 1. ([I5l Definition 1.5]) Let X and Y be schemes over a scheme S . We 
say that X and Y are tor-independent over S ifTor^^{Ox, Oy) = for every q > 0. 

2. ([151 Definition 3.1]) Let f : X ^ S be a morphism of schemes. We say that f is 
of finite tor- dimension, if there exists an integer n > such that, for every quasi- coherent 
O s-module T and every integer q > n, we have Lqf*J^ = 0. 

If X or y is flat over S, then X and Y are tor-independent over S. 

Lemma 3.1.2 We consider morphisms 

Y — ^ S ^-^ X ^-^ X' 

of schemes. Assume that X and Y are tor-independent over S. Then, X' and Y are 
tor-independent over S if and only if X' and X x^ y are tor-independent over X. 

Proof. By the assumption that Tor'^^{OxiOY) = for every g > 0, we obtain an 
isomorphism Tor'^^iOx', Oy) -^ Torf^{Ox', Oxxsy) for every g > 0. ■ 

Lemma 3.1.3 Assume that the schemes S and X are noetherian and Y is of finite type 
over S in the diagram (I3.1.0.ip . Then, for a coherent Ox-fnodule T and for a coherent 
Oy-module Q, the Oz-modules Tor'^^{J^,Q) are coherent. 
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Proof. Since the question is local on Z, we may assume that schemes S, X, Y and Z are 
affine. Further, we may assume Y is an affine space over S and hence is flat over S. Then, 
by the assumption that X is noetherian and J-" is coherent, there exists a free resolution 
of J-" by free Ox-modules of finite rank. Then, by the assumption that Y is noetherian, it 
follows that the O^-modules Tor'^^{J^,Q) are coherent. ■ 

For a noetherian scheme X, let G{X) denote the Grothendieck group of the category 
of coherent Ox-modules. For a coherent Ox-module J-", let [J-'] G G{X) denote the class 
of J-". For a closed subscheme V oi X, let [V] denote the class [Oy]. Let 5 be a regular 
noetherian scheme of finite dimension. Then, for a scheme X of finite type over S, the 
dimension function X — )■ N and the topological filtration F,G{X) are defined as in [251 
Section 2.1]. We have a canonical map CH,{X) — )► F,G{X) sending the class [V] to [V]. 

By Lemma 13.1.31 for a morphism f : X — )■ Y oi noetherian schemes of finite tor- 
dimension and for a scheme A of finite type over Y, the pull-back map 

/*: G{A) ^G{AxyX) 

is defined by f*{[T]) = J2g>oi-'^)''i'^or^'^{T, Ox)] for a coherent O^-module J^. 

Lemma 3.1.4 Let S be a regular noetherian scheme of finite dimension and f : X ^- Y be 
a quasi-projective morphism locally of complete intersection of relative virtual dimension 
r of schemes of finite type over S. 

Then, for a scheme A of finite type over Y, the pull-back /*: G{A) — ?■ G{A Xy X) 
preserves topological filtration in the sense that f* maps F,G{A) to F,^rG{A Xy X). 
Further, for an integer q > 0, we have a commutative diagram 

CHq{A) -^ GHq+riAxyX) 
(3.1.4.1) 

GrfG(A) -^-^ Gr^+,.G'(AxyX). 

Proof. By the assumption on /, it is the composition X — > P — t- F of a regular 
immersion X — )■ P and a smooth morphism P — t- F. Since, it is clear for a smooth 
map, it is reduced to the case where / is a regular immersion. Then, it follows from [25l 
Proposition 2.2.2]. ■ 

Proposition 3.1.5 Let X be a scheme, M be a locally free Ox-'module of finite rank c and 
let P C P(A/') be an open subscheme of the associated P'^~^ -bundle P{J\f) = Vroj{S'Af) 
and p: P ^ X be the canonical map. Let £ = Ker(p*A/' — ?■ Op(l)) = Qp,-^{1) be the 
kernel of the canonical surjection. 

Let a: M -^ Ox be an Ox -linear map and X' G P be the closed subscheme defined 
by the image Xx' = Im(a': S — t- Op) of the restriction a' = p*a\s: £ — )■ Op to £ G p*Af 
and g: X' — )■ X denote the composition. Let G G X be the closed subscheme defined by 
Ic = lm{a:J\f ^ Ox)- 

We consider a morphism g: Y ^ X' of schemes over X and a cartesian diagram 

Ey > E > G 

(3.1.5.1) 

Y — ^ X' C P -^ X 
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of schemes. Let f:Y^X denote the composition. We assume that the pull back Ey = 
E Xx' Y is a Cartier divisor ofY. 

1. The immersion X' — > P induces an isomorphism E — > Pc = P Xx C. The closed 
subscheme X' \E G P\ Pc is defined by the section X \C -^ P(-^) corresponding to the 
surjection a\x\c- A/'|x\c -^ Ox\c- 

The map a: M ^ Ox induces a surjection f*M — )■ Xey C Oy. The composition 
F -)■ X' -)■ P(A/') is defined by the surjection f*J\f -)■ Iey- 

2. We assume that the immersion X' ^ P is a regular immersion of codimension c— 1 
[21 Definition 1.4]. Let 7: y — )■ Py = P Xx Y be the section defined by g and T C Py be 
the image of'y regarded as a closed subscheme of Py. Let pr^ : Py — t- P and pig : Py -^ Y 
denote the projections. 

Then, the composition q: X' ^ X is of finite tor-dimension and there exists a spectral 
sequence E^^^ =^ Er of Ox'xxY -modules such that 

(3.1.5.2) (KeriOx^^^y^Or) ./r ^ 0, 

E^^^ = piin%'x^\p + g + 1) ® w;^fEl)y^ ifp>0,q>0,p + q<c-2 

and El„ = otherwise. 

3. Assume further that Y is noetherian. The surjection Ox'xxY — ^ Or is an isomor- 
phism outside E Xc Ey and we have equalities 

[Ker(Ox'x^y ^ ^r)] + 5^(-l)^[rorf-(Ox', Oy)] 

r>0 
c— 1 p 

(3.1.5.3) = Y.^-IY'' E[P^i^V(P) ® ^'2^eI/y] 

p=l 9=1 

c 

(3.1.5.4) = Y^i-mAYAf]- Y. [p4^e}x']-[p4^e'/y] 

s=2 9>li'">li9+»'5:'5 

inG{E XcEy). 

Proof. 1. The first paragraph is clear from the definition of X' and of C. The 
map a: A/" —7- Ox defines a surjection A/" — t- X^ C Ox and hence induces a surjection 
f*J\f — )■ Iey C Oy. Since the kernel of the surjection f*Af — t- Cr(l) is equal to the kernel 
of /*A/' — >■ Iey oil the complement Y \ Ey, they are equal on the whole Y. 

2. By the definition of regular immersion, the Koszul complex 

/C = Kos(a') = [A^'-^S -^ yS ^Op] 

is a resolution of an Op-module Ox'- Since P is flat over X, the composition q: X' -^ X 
is of finite tor-dimension. Further, we obtain an isomorphism 

nrilC ®Ox Oy) ^ Tor^^{Ox'. Oy) 
from the resolution /C — t- Ox'- 
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We construct a resolution of the Cpy-module Or- Let (3: pilS — )■ pt2^Ey be the 
restriction of the map pr*p*A^ = pr2/*A/' — )■ pt2Iey ^'^ ^^^ kernel pr^£^ = Ker(pr^p*A/' — )■ 
pr^(9p(l)). The map /3 induces the pull-back pi^S — )■ Op^ of a'. Since the section 
7: F —)■ Py is defined by the surjection f*Af — t- X^;^ by 1., the closed subscheme T C 
Py is characterized by the condition that the cokernel Coker(/3: pilS — )■ pt2Tey) is an 
invertible Or-module. Hence the Koszul complex K,' = Kos(/3') defined by the twist 
l3' : prj£^ ® prgX^^ — )■ Op^ of /3 is a resolution of the Cp^-module Or- 

We consider the morphism of complexes /C ^o^ Oy — ?■ /C' induced by the inclusion 
pilS — 7- prj£^ (g) prgX^^. Then, it induces the canonical surjection Ox'xxY — ^ C'r- Hence, 
for the complex Ai = /C'/(/C ®Ox ^Y)[—i], we have an isomorphism TirAi — ?■ Er. 

The p-th component A^p of the complex Ai is given by 

Mp = (A^+Vrt^ ® pr;X^(^+^VA"+Vrt^ = A^+^r^^ ® (pr^J-^^+^Vc^pJ- 

We define an increasing filtration F, on A^ by FqMp = A^+^pr^f^ (g) (pr2X^|^"''^VCpy)- 
Then, we obtain a spectral sequence 

El^ = Gi^qMp+g => UrM. 

Since Gi^ ^Mp = AP+ipr*£ ® pr*AQ"^^/y^^ and £ = 1^],/;^ (1), the assertion follows. 

3. By 2., we have the equality fl3.1.5.3l) . By the exact sequence -^ S ^ p*Af — )■ 
C(l) -)■ 0, we have an exact sequence -;■ JVp*N'{-{c - p)) -)■■■■ -)■ K''^^p*N'{-l) -^ 
AP£ -^ and an equality [A^^] = Ep+r=p+i(-l)''"MA^+>*A/'(-r)]. Substituting this and 
putting p + r = s, we obtain the second equality f l3.1.5.4p . ■ 

Corollary 3.1.6 Let X he a noetherian scheme and C G X be a closed subscheme such 
that the immersion C ^ X is a regular immersion of codimension c. Let q: X' ^ X be 
the blow-up at C and let E = X' Xx C denote the exceptional divisor. 

Let Y be a noetherian scheme over X' such that Ey = E Xy X' G Y is a Cartier 
divisor and let T denote the image of the section Y ^ X' XxY . Let pr^ : E Xq Ey — )■ E 
and pr2 : E Xc Ey — )■ Ey denote the projections. 

Then, q: X' ^ X is of finite tor-dimension and we have an equality 

[Kei{Ox'><xY ^ Or)] + 5^(-l)iror,^-(Ox', Oy)] 

r>0 
c— 1 p 

(3.1.6.1) = $^(-1)^-^ Y>A^%ciP) ® vA^eI/y] 

p=l q=l 

mG{E XcEy). 

Proof. By the proof of Proposition 13. 1.51 3.. it suffices to construct the spectral sequence 
f l3.1.5.2p globally. Locally on X, we construct a spectral sequence by taking a locally free 
Ox-module M of rank c and a surjection M — )■ Xc- If we have another locally free Ox- 
module M' of rank c and a surjection A/"' — )■ X^, then locally we have an isomorphism 
M — !■ M' compatible with the surjections to Xc- It induces an isomorphism of spectral 
sequences and the assertion follows. ■ 
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Corollary 3.1.7 Let U be a scheme of finite type over a noetherian scheme S and D G U 
be a C artier divisor. Let q: [U XgU)"" — )■ U XgU be the log product with respect to D. Let 
Ajj C U XsU and A^^ C (f/ x^ f/)" denote the diagonal and the log diagonal respectively 
and identify the inverse image of Ac C U Xs U by {U Xs U)^ -^ U XgU with Grn,D 
Then, we have 

q*[Au] = [Aj^^] + [Grn,D] 

mG{{UxsUy). 

Proof. Let M be the locally free OuxgU-^odule ptIZd^Pt^Zd of rank 2 and P C P(A/') 
be the complement in a P^-bundle over P{Af) of the and oo sections of P\) = P{N'^'^,jj) = 
P(A/') Xjj^gu Ad. We regard the log product (f/ X5 f/)~ as a closed subscheme of P and 
apply Proposition 13.1.51 to the diagram 

G^,B > {DxsD)U G^,D > DxsD 

(3.1.7.2) 

a};;^ — > {uxguy cp — >uxsU. 

Then, in the right hand side of fl3.1.5.4p . we have c = 2 and A'^p*M = A^{pTlNn/u © 
Py^Nd/u) = PT^i^D/u ® W2^D/u on Gm,D- Thus the assertion follows. ■ 

3.2 Derived exterior power and localized Chern classes 

We study the relation between derived exterior power complexes and localized Chern 
classes. Let X be a noetherian scheme, S and S' be locally free Ox-modules of the same 
finite rank n and e: S ^ S' he a morphism. For an integer A; > 0, we consider the complex 
[A'^S — > A'^S'] where A''£' is put on degree 0. Let D be a closed subset of X such that 
/C = [^ — )■ S'] is acyclic on the complement X \D. We define a morphism 

(3.2.0.1) [A'^S -^ A''S']d : G{X) — ^ G{D) 

by sending the class [J-'] of a coherent Ox-niodule T to [Coker(J-' ® A!^E -^ T ® S!^E'')\ — 
[Ker(J' ®A^E^J=® A^E')\. 

We recall that \ti\E\) = Eg=o[^'^]^' ^ ^ + tK{X)[[t]] C i^(X)[[t]]^ and -ft{[£]) = 
A_^([£^]). We define operators 7fc(/C)D: G'(X) — )• G{D) for /c > 1 by requiring that 
7t(^)D = ELi7fc(^)D ■ f" is given by 



(3.2.0.2) 7t(/C),, = (j2l^'S ^ A'£']o ■ (y^) j " 7t([^])- 



If 7fc(/C) without the suffix D denotes the composition with G{D) — )■ G'(X), we have 

1 + 7*(/C) = 1 + (7.([^']) - 7*([^])) ■ Itmr' = lt{[S'] - [S]). 

Let S* be a regular noetherian scheme of finite dimension. Then, for a scheme X of 
finite type over 5, the dimension function X — )■ N is defined as in [25i Section 2.1]. Hence, 
the topological filtration F,G{X)., the lower numbering Chow groups GH,{X) and the 
canonical map GH,{X) — )■ Gr, G{X) are defined. In [9l Section 18.1], the localized Chern 
class is defined as an operator Ck{]Oj]j: GH,{X) — )■ GH,_k{D) on Chow groups by using 
the graph construction. 
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Proposition 3.2.1 Let S be a regular noetherian scheme of finite dimension. Let X be 
a scheme of finite type over S, 8 and £' locally free Ox-fnodules of the same finite rank 
and e: £ ^ £' be a morphism. For the complex K, = [e: £ ^ £'] and an integer k > 0, we 
have the following. 

1. The map ''ykiJOjD '■ G'(X) — t- G{D) sends the topological filtration FjG{X) to Fj^kG{D). 

2. The diagram 



(3.2.1.1) 



is commutative. 



CH,{X) ^^^ CH,^k{D) 



GifGiX) ^^^^^ Grf_,G(D) 



Proof. 1. It suffices to show 7fe(/C)£i([X]) G Fd-kG{D) assuming that X is integral 
of dimension d and D ^ X, hy a. standard argument. We show this by using the most 
elementary case of MacPherson's graph construction cf. [9, Section 18.1]. 

Let n be the rank of £ and p: G — )• X be the Grassmann scheme Grass„(£^ © £') 
classifying subbundles of rank n. The subbundle £' <Z £ ®£' defines a section sq: X ^ G. 
Let t denote the coordinate of G^.x- Then, the graph of t~^ ■ e: £q,^ x ^ ^g defines a 
section s: Gm,x -^ Gm,G- At t = 1, the restriction 5|i: X — )■ G is the section defined by 
the graph of e. 

On the complement U = X \ D, the restriction e\u: £u — )• £[j is an isomorphism. 
The transpose of the graph t ■ e|^^: £'^x -^ £a^ defines a section s: A^ — )• A^^. At 
t = 0, the restriction s|o: U -^ Gu is the restriction Sq\jj. The restrictions of s and s 
on Gm,u = Gm,x n A^ are the same. Let X C A^ denote the schematic closure of 
s{Gm,x) U ^(A^) and let vr : X — > A^ be the projection. Since s|o: f/ — > Gu is the 
restriction of sq, the fiber Xq = Xx^i Xatt = contains so(X) as a closed subscheme. 

Let £ C £ji Q) £'^ he the restriction to X C A^ of the tautological subbundle and 
e: £ ^>- £'~ he the restriction of the second projection. We consider the complex K, = 
[£ — > £'-]. The restriction of /C to f/ = s(A^) is acyclic. We put D = A\) x^^i X and let 
VT/) : D — 7- A^ be the projection. We consider the composition 

G{X) ^:!^ G{D) ^^ G{Al). 

The pull-backs ^i,^o- G{A\)) — t- G{D) by the sections D — ?► A\) at t = 1,0 are the same 
isomorphisms. Since the fiber /Ci at t = 1 recovers the original complex /C on X, we 
have 7fc(/C)j:)([X]) = i^7r£)*(7fc(/C)^([X])). Let /Cq denote the pull-back to Xq and let 
vTo: Xq — > Xo be the projection. We put Dq = D r\ Xq. We have further 7fc(/C)/)([X]) = 
tliXD.{lk{K-)j^{[X])) = 7ro.(7.(^o)5o([^o])). 

Let [Xo] denote the class of the kernel Ker(Ojj — )■ Osq{x)) of the surjection. Since the 
restriction IC\so(x) is acychc and Xq C Dq, we have 7fc(/Co)5g([Xo]) = 7fc(/Co)5j,([Xo]) = 

7ki[£'] - [£])i[Xo]). Hence, 7,(/C)z,([X]) = 7ro.(7fe([^'] - [£])i[Xo])) is an element of 
Fd-kG{D) as required. 



41 



2. In the notation above, the locahzed Chern class Ck{IC)£,r\[X] G CH(i_k{D) is defined 
as 'Kq^,(c{8')c{S)~^ {[Xq])) ^^^^^_^ [9', Section 18.1]. Hence, the assertion follows. ■ 

The proof of Proposition 13.2.11 shows that the system of maps 7fc(/C)D is characterized 
by the compatibility with the Gysin maps for regular immersions and the normalization 
property that the composition with the natural map G{D) — t- G{X) is equal to the map 

Similarly as [9;, Section 18.1], we have the following properties. 

Corollary 3.2.2 Let X he a scheme of finite type over a regular noetherian scheme S of 
finite dimension and D G X be a closed suhscheme. 

1. Let £ ^f £' he a morphism of locally free O^i -modules of finite rank such that the 
complex of fC = [^ — > £'] is acyclic outside A^. Let /Cq and /Ci he the pull-hack of fC hy 
the ^-section and the 1-section respectively. Then, we have 



7fc(^o)D = 7fc(^i) 



1 D- 



2. Let £i — 7- £[ and £2 — )■ £2 b^ morphisms of locally free Ox -'modules of finite rank 
such that the complexes /Ci = [£i — t- £[] and /C2 = [£2 -^ £2] ^'^s acyclic outside D. If 
/Ci -^ IC2 is a quasi-isomorphism, we have 

7fc(^l)D = 7fc(^2)D- 

Let /C be a complex of Ox-modules such that there exist a morphism £ -^ £' oi locally 
free Ox-niodules of finite rank and a quasi-isomorphism [£ — )■ £'] — )■ /C. Then, we define 
the map 7fc(/C)D: G{X) — )■ G{D) to be '~ik{\£ — ^ £'])d- This is well-defined by Corollary 
13.2.21 2. The localized Chern class Ck{JC)D'- CHj{X) — )■ CHj-k{D) is defined similarly as 
Ck{[£ — )■ £'])d if X is of finite type over a regular noetherian scheme S of finite dimension. 

We consider coherent Ox-modules J-", J-"' and a morphism / : J-" — > J-"' of Ox-modules 
satisfying the following condition: 

(13.21 3.1) There exists a locally free Ox-module £' of finite rank and a surjection £' — )■ J-"'. 
The kernel £ = Ker(J-' (B £' -^ -7-"') is a locally free Ox-module of the same finite 
rank as £^'. 

Let D G X he a closed subscheme such that / is an isomorphism outside D. Then, since 
the map [£ — )■ £'] — )■ [J-" — )■ J-"'] is a quasi-isomorphism, the map 7fc(-7-' — )■ J^')d'- G{X) — )■ 
G{D) and the localized Chern class Ck{J^ — )■ J^')d'- GHj{X) — )■ GHj_k{D) are defined. 

We further assume that J-" is of tor-dimension < 1 and let r be the virtual rank. In 
other words, for a surjection £^ — )■ J-" as in (13.21 3.1). the kernel C = Ker(£^ — )■ J-") is locally 
free of rank rank £ — r. Then, we also define a map 5k{J^ — )• J^')d'- G{X) — t- G{D) for 
A; > by requiring that 5t{J^ -^ J^')d = J2T=i ^k{J^ — > J^')d ■ t^ is given by 

5t{7 ^ r)D = itiJ" ^ j")d ■ itm - r). 

We recall that the localized Chern class Cfc(J-'' — J^)d'- CHj{X) — )• CHj^k{D) is defined 
by requiring 

(3.2.3.2) Y,Ck{r-T)D-t'= ($^c,(^^r)^-tM ■q(^) 

A;>0 \fc>0 / 
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in [2S1 (3.24)]. 

For the definition and properties of tlie derived exterior power LA^J^, we refer to 
Section 1.2]. We recall that for a locally free resolution [£ — )■ £^] — )■ J^ as above, we have 

a quasi-isomorphism [V'^C -^ V'^^^C ®S ^ > C® k^-^£ -^ k^'S] -^ LA'^T, where V 

denotes the divided power. For an integer k > 0, the mapping cone [LA'^T — )■ LA'^J-''] of 
the derived exterior powers is defined. We define a map 

[LA'^T -^ LA^r]D- G{X) -^ G{D) 

sending [g] to ^q(-l)^rorf^([LA*^J' -^ LAT],g). We describe the map [LA'^J' -^ 
LA^J^']r) using the operators 7fc(J^ -^ J^')d- G{X) -)■ G{D). 

Proposition 3.2.4 Let S be a regular noetherian scheme of finite dimension and X he a 
scheme of finite type over S. Let T ,T' he coherent Ox-modules of tor- dimension < 1 and 
of virtual rank r and f : T ^r T' he a morphism of Ox -'modules satisfying the condition 
( 13.21 3.1). Let D G X he a closed suhscheme such that f is an isomorphism outside D. 

1. We put formally A = E^il^^^-^ ^ LA^P]D{-^f. Then, we have 6t{F -^ 

r)D = {i-tYi3t. 

2. For n = r + 1, we have 

(3.2.4.1) [LA"J^ ^ LA"J^']d = SniJ" ^ J^')d 

and it sends the topological filtration FjG{X) to Fj^nG{D). Further the diagram 



CH,{X) '"^^' '^^°) GHj_n{D) 



(3.2.4.2) 



GrfG(X) '^^"^"^^"^'^"> Grf_„G(D) 

in commutative. 

Proof. 1. The equality 6t{J^ — ?■ J^')d = (1 ~ ^Yf^t is reduced to the equality 

(3.2.4.3) StiJ' ^ r)Di[X]) = (1 - tY(3t{[X]) 

in G'(D)[[t]], by a standard argument. By the assumption that J-" and J-"' are of tor- 
dimension < 1, the kernel C = Ker(£^ — )■ J-") = Ker(£^' — t- J-"') is locally free and we have 
quasi-isomorphisms [C —> S] ^ J^ and [C — )■ S'] — t- J^'. We apply the graph construction 
to S ^ S' and use the notation in the proof of Proposition 13.2. 1[ Then, we have 

(k ^ 

Y^(-lY{[A'-'^£'] - [A^-''^])[r^£]([Xo]) 
q=0 

Thus, we obtain 

A([x]) = 7ro.({itm)-itmhtm)-\[Xo]) 

1 




1 
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j([^o]) 

{[X]) = ^,,{J'M[S^S'])n{[X]). 



Since 7i(J^) = 7t(-7^ — r)7t(l)^' = 7i(-7-' — r)(l — t) ^, we obtain the equality f l3.2.4.3p . 
2. For n = r + 1, we have 



5t{T-^J'')D 


= (1- 


ty^ 


k=i 


LA'^J^' 


1 y-'^ 



- ty-^ + [LA"j^ ^ LA"j^']^ ■ r(i - t)-i mod r+\ 

Comparing the coefficients of t", we obtain 5n{T — )■ -F')d = [LK^J^ — ;■ LA^J^'Jd. The 
remaining assertion follows from this and Proposition 13. 2.11 ■ 

Lemma 3.2.5 Let £ and £' he locally free Ox-iTiodules of the same rank n and let £' — > 
£ — 7- Ox be morphisms of Ox-fnodules. We consider the Koszul complexes /C = Kos(£^ — )■ 
Ox) and /C' = Kos(<£^' — )■ Ox) and the induced morphism /C' — )■ /C of complexes. 

Let Ai = [/C* — > /C'*] be the mapping cone of the morphism of the dual complexes. 
Then, the cohomology sheaves l-Lq{M.) are 'Ho{}C') = Ox/Image £'-modules. 

Proof. The product /C (g) /C — )■ /C of Koszul complex induces a canonical map K,®1C* ^ 
JC*. The canonical maps /C ® /C* ^ /C* and /C' ® JC'* -^ K'* induces K' (g, M ^ M. Thus 
the assertion follows. ■ 

Let X be a scheme and /C — )■ /C' be a morphism of chain complexes of flat Ox-modules. 
For an integer g > 0, we consider the mapping cone [LA'^/C — > LA'^/C']. The canonical maps 
LA9+1/C -^ LAiJC ® /C and LA^+^/C' -^ LA«/C' ® /C' |25l (1.2.1.4)] induce a map 

(3.2.5.1) [LA^'+^/C ^ LA«+^/C'] ^ [LA«/C ^ LA'?/C'] ® /C'. 

We consider the following condition on a complex /C of Ox-^iodules. 

(L(n)) For every x G X, there exist an open neighborhood U of x, locally free (^[/-modules 
£ and C of rank n and 1 respectively and a quasi-isomorphism [C ^^ £] -^ lC\u. 

If a complex JC of Cx-modules satisfies the condition (L(n)), it is a perfect complex of tor- 
dimension < 1. For a perfect complex K, of Ox-modules satisfying the condition (L(n)), let 
Z denote the closed subscheme of X defined by the annihilator ideal Iz = AhhA^-'Hq^K.) 
and i: Z ^ X denote the immersion. Then, Cz = Lii*K, is an invertible (9^-module. 

Corollary 3.2.6 LetK, andIC' be complexes ofOx-fnodules satisfying the condition (L(?2)) 
and /C — )■ /C' 5e a morphism such that the mapping cone [/C — t- /C'] is of tor-dimension < 1. 
For q > 0, let [LA'^JC — )■ LA'^K,'] denote the mapping cone. 

Let Z and Z' denote the closed subschemes of X defined by the annihilator ideals 
Xz = AnnA"Ho(/C) and Iz' = AnnA"Ho(/C'). Let i: Z ^ X and i' : Z' -^ X denote 
the immersions and let Cz = Lii*K, and C'^i = Lii'*}C' be the invertible Oz -module and 
Oz' -module respectively. 

1. The scheme Z is a closed subscheme of Z' and the canonical map CJzi®Ozt ^z -^ ^z 
is an isomorphism. 

2. The cohomology sheaf 'Hp[LA'^lC -^ LA'^K,'] is an Oz' -module if p > or q > n. 

3. The map (I3.2.5.ip induces an isomorphism 

(3.2.6.1) Up+ilLA^+^lC -^ LA^+i/C'] ^ Hp[LA«/C -^ LA^/C'] ® C'z, 

for p > or q > n. 
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Proof. 1. Since the question is local, we may assume that there is a quasi-isomorphism 
[C — 7- S'] — 7- /C' for locally free sheaves S' and C of rank n and 1. Then, the mapping 
cone [£^' © /C — 7- /C'] is quasi-isomorphic to S[l] for a locally free sheaf S of rank n. Hence, 
further we may assume that there exists a quasi-isomorphism [£ — ^ <?] — t- /C. Then, the 
assertion is clear. 

2. Since the assertion is local, we may assume that, as in the proof of 1., /C and /C' are 
the duals of the Koszul complexes. Then, it follows from Lemma 13.2.51 

3. By 2, we obtain a canonical map 

Up+iiXLA^K ^ LA^/C'] ® K') > ror^''{Hp[LMiK: -^ LA^/C'], /C') 

By (13.2.5.11) . it induces a canonical map Hp+i([LA''+i/C ^ LA^+^/C']) -^ -HplLAiJC -^ 
LA'ilC']®Oz^'z' (E2XI]). By |25l (2.4.2.1)], the canonical maps Lp+^A^+^/C -^ U'A.'^lC^Oz 
Cz and U^^^h.'^^^K,' — t- L^A'^JC' ^o^i ^'z' ^^^ isomorphisms. By the canonical isomorphism 
C^, ®Ozi ^z -^ ^Zi the canonical map (13.2.6.11) is an isomorphism. ■ 

3.3 Localized intersection product 

Let S* be a scheme. Recall that a scheme X of finite type over S is called locally a hyper- 
surface of relative virtual dimension n — 1 if, locally on X, it is a Cartier divisor of a smooth 
scheme of relative dimension n over S. For such X, if i : X — )■ P is a regular immersion to 
a smooth scheme over S", the cotangent complex Lx/s is canonically quasi-isomorphic to 
the complex [Nx/p -^ ^*^\>/s\ inducing a canonical isomorphism T-Lq{Lx/s) -^ ^x/s- ^^ 
recall the definition of the localized intersection product [25| Definition 3.2.2]. 

Definition 3.3.1 Let S be a regular noetherian scheme of finite dimension and let X he 
a scheme of finite type over S that is locally a hypersurface of relative virtual dimension 
n — 1. Let Z be the closed subscheme of X defined by the annihilator offl^,g, i: Z ^ X 
be the closed immersion and let Cz = Lii*Lx/s be the invertible Oz-module. Let V be a 
closed subscheme of X and W be a noetherian scheme over X. We put T = V Xx W , 
Zt = Z XxT and G{Zt)/Cz = Coker(£z - 1: G{Zt) -^ G{Zt)). 
Then, the localized intersection product 

(3.3.1.1) [[ , ]]x-- GiV) X GiW) > G{Zr)iCz 

is defined by 

(3.3.1.2) \\\7l \G\\\x = i-miTorfHJ'^g)] - [rorf/,(^, ^)]) 

for a coherent Oy -module T , a complex Q G D\^yj^Ow) of Ow-fnodules with bounded 
coherent cohomology sheaves and for a sufficiently large integer q. 

For Q = Ow, we put 

(3.3.1.3) [m,[Ow]]]x = [m,W]]x. 
The localized intersection product with W defines a map 

(3.3.1.4) (( ,W))x: G{V) > G{Zr)iCz- 
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Similarly, we define a map {{V, ))x'- G(W) -^ G{Zt)/Cz- If S C VT is a closed subset 
such that the restriction ly \ S — )■ X is of finite tor-dimension, the map (13.3. 1.4p is lifted 
to a map 

(3.3.1.5) {{,W))x:GiV) > G{ZtXw^)/Cz- 

We recall some formulas on localized intersection product. 

Lemma 3.3.2 Let X and X' he locally hypersurfaces of relative virtual dimension n — 1 
and n' — 1 over a regular noetherian scheme S of finite dimension and 



V <- 



X' <- 



X <- 



T 



W 



w 



be a cartesian diagram of noetherian schemes where the vertical arrows are closed immer- 
sions. 

We assume that the immersion f : X' ^ X is of finite tor- dimension. We also assume 
that Z Xx X' is a closed subscheme of the closed subscheme Z' of X' defined by the anni- 
hilator offi^,,g and that the inclusion Zx — )■ Z'j. induces a map G{Zt)/Cz ~^ G{Z'rp)/c^,. 

Then, the composition 

G{V) ^^-^^^ G{Zr)/Cz > G{Z!r)/Cz, 

is equal to the localized intersection product 

{{,[Lf*Ow]))x': GiV) > GiZ^)/c„ 

with [Lf*Ow] eG{W'). 



Proof. It follows from the canonical isomorphism Tor'^^ (J-", Ow) -^ Tovq ^' (J-", Lf*0 
Lemma 1.5.1]. 



w 



Lemma 3.3.3 Let X be a locally hypersurface of relative dimension n — 1 over a regular 
noetherian scheme S of finite dimension and 



V <- 



X <- 



T 



W 



be a cartesian diagram of noetherian schemes where the vertical arrows are closed immer- 
sions. We assume V is regular. 

Then, the map (( , W))x '■ G(y) -^ G{Zt) /Cz ^^ equal to the usual intersection product 



[[V,W]]x)v--G{V) 



^ G{Z:_ 



T)/Cz 
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with the localized intersection product [[V, W]]x G G{Zt)/Cz- 

We further assume that V is locally of complete intersection of relative dimension n — c 
over S and that the immersion T ^ W is a regular immersion of codimension d . Let 
My,j^ VK denote the conormal complex. Then, we have 

(3.3.3.1) [[V, W]]x = i-ir-'c,.AMi./x,w) n [T]. 

Proof. Similarly as in the proof of [25l Proposition 3.3.2.1], by applying [251 Lemma 
3.3.1] to a spectral sequence Ep^ = Tor^^lJ^, Tor^^{Ov, Ow)) =^ Ep^g = Torp^g{J^, Ow), 
we obtain an equality ((J-", W))x = {J^, [[V, W]]x)v for a coherent Oy-in^odule T . 

The equality (13.3.3. ID is [^ Theorem 3.4.3]. ■ 

Lemma 3.3.4 Let X be locally a hypersurface over a regular noetherian scheme S of finite 
dimension and 

V < — T i — r 



X < W ^-^— W 

be a cartesian diagram of noetherian schemes where the vertical arrows are closed immer- 
sions. We assume that g: W' -^ W is of finite tor- dimension. 

Then, the map (( ,W'))x'- G(y) — )■ G{Zt')/Cz ^^ equal to the composition of 

G(V) ^^-^^^ G{Zt)icz -^ G{Zt>),Cz- 
Proof. It suffices to put Q = Ow and "H = Ow' in [25|, Proposition 3.3.2.1]. ■ 

Lemma 3.3.5 Let X be locally a hypersurface over a regular noetherian scheme S of finite 
dimension and X' be locally a hypersurface over a regular noetherian scheme S' of finite 
dimension. We consider a cartesian diagram 

V < V < T 



X ^-^ X' < w 

of noetherian schemes where the vertical arrows are closed immersions. We assume that 
f : X' -^ X is of finite tor- dimension. We also assume that Z^ = Z Xx T is a subset of 
Z'rp = Z' Xx'T set-theoretically and that the canonical morphism G{Zt) -^ G{Z'j) induces 
a morphism G{Zt)/Cz ~^ C^{^t)/Czi- 

Then, the composition (( ,W))x'- G{V) — )• G{Zt)/Cz ~^ Gi^T)/Cz' '^^ equal to the 
composition of 

G{V) -^ G{V') i^^^^ G{Zt')/Cz,- 

Proof. Similarly as [251 Corollary 3.3.4.3] applied by taking W = X' and V to be W, 
it follows from [251 Proposition 3.3.3]. ■ 
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3.4 Relative excess intersection formula 

We establish a refinement of the excess intersection formula [25l Proposition 3.4.2]. The 
result in this subsection will be used only in the proof of an explicit computation of the 
logarithmic different in Proposition 15.1.21 We consider a commutative diagram 

T y W 

9' 

(3.4.0.1) V' > X' 

f 

V > X 

of schemes satisfying the following condition: 

(13.41 0.2) The horizontal arrows are closed immersions and the immersion T ^ W is a. regular 
immersion. The upper square and the tall rectangle are cartesian. 

Let g: W —^ X denote the composition of the right vertical arrows. Recall that a simplicial 
algebra Av/x,w oii T such that the normal complex N{Ay/x^w) computes Lg*Ov is defined 
in [251 1-6.3, 1.6.4]. Further, an ideal Iv/x,w C Av/x,w is defined as the kernel of the sur- 
jection Ayjx^w -^ Ot and the excess conormal complex M(,,^^ = N{Iv/x,w / Iv/xw)\-~'^] 
is defined as a complex of C^T-modules loc. cit. 

Lemma 3.4.1 Let the notation he as above. We further assume that the map /: X' — > X 
is of finite tor- dimension. We define an object C of D^^^^{Ox') by the distinguished triangle 
^C^Lf*Ov^Ov' ->. 

Then, there exists a spectral sequence 

(3.4.1.1) El^ = n2p+,[LA-mi./^^^ ^ LA-PMi.,/^,^^] => Tor^^^^iC Ow) 

of Ot -modules. 

Proof. This is a variant of the construction in [251 Proposition 1.6.4]. We use the 
notations loc. cit. 

The increasing filtrations F' on the simplicial algebras Ayjx^w ^-nd on v4y//x',vK define 
a filtered chain complex C = [Av/x,w -^ Av'/x',w] of simplicial modules. Here Av'/x',w 
is put on degree and Av/x,w is on degree 1. Then, since Px{Ov) and Px'{Ov') are 
resolutions of Oy and of Oy by free simplicial algebras [131 1-5.5.6], we have a quasi- 
isomorphism J NC -^ Lg'*C from the associated simple complex. Thus, we obtain a 
spectral sequence Ep^ = T-Lp+qGip^ J NC =^ Tor^^g (C, Ow)- 

We compute the i?^-terms. As in [25l Proposition 1.6.4], the canonical map SP{GTpC) — )■ 
Gr^C is an isomorphism. The normal complex of the graded piece Gt^C = [Gi pAv/x,w -^ 
GTpAv'/x',w] is defined by the canonical map M(,,^^ — )■ My, ,^, ^ of conormal com- 
plexes. Thus, the E^-term E^^ = 'Hp+qGi'p^ J NC is given by 'H2p+q[LA~^My,j^^^ — )■ 
LA'^My,,-^, ^] as required. ■ 
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We consider a commutative diagram 

T y W 



(3.4.1.2) 



V y X' > P' 



V 



-> X 



-y P 



of schemes satisfying the following conditions: 



(13.4.11 3) The horizontal arrows are closed immersions and the immersions X — )■ P and X' — )■ 
P' are regular immersions of the same codimension. The immersion T ^ W is also 
a regular immersion. The upper square, the left tall rectangle and the right square 
are cartesian. 

Let \v/x/p,w '■ LAP My, j^ ^^ — )■ Nxip®Lb^~^Myiy^y^\\\ be the composition of the maps 
LN^M'yi^^^ ^ M'yi^-^ ® Lk^-^M'yi^^^ ^ NxiP ® LkP-^M'y,^^^{\\ 

induced by the canonical map M(^,^^ — )■ Lg^Myjx — ?■ Lg^Mx/p[^] = Nx/p ® Ot[1]- We 
identify A^x'/P' = f*Nx/p and define Xv'/x'/P',w- LKPM'y,/^,^^ -^ A^x/p®^A^"^M(„/^, ,^[1] 
similarly. We use the notation in the proof of [251 Proposition 1.7.2]. Then, we have a 
commutative diagram of exact sequences 



-> Jb'/Jb' ^ B' /Jg, 



-y A' 



-y 



(3.4.1.4) 



-^ Jb/J: 



-^ B/Jl 



-y A 



-y 



of filtered simplicial modules and a quasi-isomorphism [A — )• A'] -^ [Ay/x^w -^ ^v'/x',w]- 
Further, by the assumption that the right square in (13.4. 1.2p is cartesian, we have an 
isomorphism Nx/p ® [A — )■ A'] — )■ [Jb/J^ — )■ Jb'/Jb,]- They induce a canonical map 
(3.4.1.5) 

A: [LAPM{,/^^^ ^ LAPMi,,/^,^^] ^ Nx/p ® [LA^-^M'y/^^^ -> LA^-^M^,, ,x,^^][l]. 

By the step 3 in the proof of [251 Proposition 1.7.2], we see that it fits in a commutative 
diagram of distinguished triangles 



LAPMi 



v/x,w 



LA^M^,,/^,,^ 



^V/X/P,W 



\rl jxl jpl .w 



NxiP®LAP~^M'yi^^\\\ 



NxiP®LAP-^M'y,i^,^^\\\ 



[LA^M' ^^ ^ LAVM'y,!^, 



/X',W\ 



-^ Nx/p ® [LAP-iM(./^_^ -^ LAP-'M{„/^,^^][1]. 
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Lemma 3.4.2 Let Ej- denote the spectral sequence E^^ =^ -Ep+g fl3.4.1.ip and let E-y[—1, 3] 
denote the spectral sequence E^^^^^^-^ =^ -Ep+g_2- 
Then, there exists a map 

(3.4.2.1) a: Er ¥ Nx/p ^ Er[-l,3] 

of spectral sequences where the maps of E^ -terms are induced by the map A in f l3.4.1.5p . 

Proof. This is a variant of the construction in ^25j, Proposition 1.7.2]. Similarly as the 
step 1 in the proof loc. cit., we obtain a map of spectral sequences. The assertion on the 
map of i^^-terms is clear from the definition of A. ■ 

We prove a relative version of the excess intersection formula [251 Proposition 3.4.2]. 

Proposition 3.4.3 Let S be a regular noetherian scheme of finite dimension and X,X' 
be locally hypersurfaces over S. We consider a commutative diagram 



(3.4.3.1) 



T 



V 



V 



-^ w 



-> X' 



-^ X 



of schemes over S satisfying the condition (13.41 0.2 
excess conormal complexes. 

We assume that, locally on X , there exists a commutative diagram 



Let My:-^ yy and My,,^, ^ be the 



(3.4.3.2) 



V 



V 



-^ X' 



^ P' 



-> X 



■^ P 



of schemes over S satisfying the following condition: 



(13.4.31 3) The maps X -^ P and X' — )■ P' are regular immersion of codimension 1 and that 
V -^ P and V —7- P' are regular immersion of codimension n. The right square is 
cartesian. The schemes P and P' are smooth of relative dimension n over S. 

Let U' C X' be an open subscheme such that V'xx'U' — > VxxU' is an open immersion. 
We put H = X' \U' . Let Z G X and Z' C X' be the closed subschemes defined by the 
annihilators of ^^/^ and of ^x'/s i^^spectively. We assume that Z Xx X' is a closed 
subscheme of Z' and that the inclusion Z^ — )■ Zlj, induces a map G{Zt Xx' '^)/Cz ^ 
G{Z'rp Xx' S)/£^, . Then, we have the following. 

1. The map f : X' —^ X is of finite tor- dimension. 

2. The canonical map Myi-^^y — )■ My,,^, ^^ is a quasi-isomorphism on the complement 

T\Z^Xx'^. 

3. We define f[V] - [V] G ^(S n {V Xx X')) by 

f[V]~[V'] = [KeT{f*Oy^Ov')] + 



q>0 



inLj*ov]. 



50 



Then, we have 

(3.4.3.4) (((/^[V] - [V]), W)h' = [LA"(M{./^_^ ^ M(.,/^,_^)] 

in Fd-nG{Z'j, xx' S)/£^,. 

Recall that under the notation of Proposition I3.4.3[ the excess conormal complex 
^v/xw ^^ quasi-isomorphic to [Nx/p CS> Ot — > Ker(A''v/p ® Ot — )■ Nt/w)] [SSI Lemma 
1.7.1].^ 

Proof. 1. In the diagram fl3.4.3.2p . the schemes X and P' are tor-independent over P. 
Since / is of finite tor-dimension, the map / is also of finite tor-dimension. 

2. Since the diagram (13.4.3. ip is cartesian outside S, the canonical map My,^^^^ — )■ 
My,,-^, y(/ is a quasi-isomorphism on the complement T \ T x^' S by the description of the 
excess conormal complex recalled above. Further, it is a quasi-isomorphism outside Z^ by 
Corollary [MH2. 

3. The proof is similar to [25, Proposition 3.4.2] using Lemmas 13.4.11 and 13.4.21 By 
2., the right hand side of (I3.4.3.4p is defined as an element of Fd-nG{ZT X-x' S). Since 
X and P' are tor-independent over P, we see that the canonical map Lf*Ov — > Lf*Ov 
is a quasi-isomorphism. Hence, the complex C of Ox'-niodules in Lemma [3.4. II is acyclic 
outside S. We consider the spectral sequence (I3.4.1.ip and show the equality 

(3.4.3.5) Yl i-^r^'K,] = i-mEr] + i-iy^'iEr+i] 

p+q=r,r+l 

for sufficiently large r. The left hand side of (I3.4.3.5P is the right hand side of (I3.4.3.4p . 
The right hand side of (I3.4.3.5P is independent of sufficiently large r by [25t Theorem 3.2.1] 
and defines the left hand side of (I3.4.3.4p . 

Note that, in fIE\ Lemma 3.3.1], the map a^ is used only to show that the right hand 
side is independent oi r > tq and that we can drop the compatibility assumption with the 
restriction arlmu since it is not used in the proof. We apply [25^ Lemma 3.3.1], to the 
maps (I3.4.1.5P and [251 (3.1.3.1)] and the map (I3.4.2.ip . Then, by Lemma [3. 4. 2[ the maps 
of ii^^-terms of (I3.4.2.ip are isomorphisms for sufficiently large p + q and the assumption 
of [25l Lemma 3.3.1] is satisfied. Thus, we obtain the equality (I3.4.3.4p . ■ 
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4 Intersection product with the log diagonal 

From this section on, we fix a complete discrete valuation field K with perfect residue 
field F of characteristic p > and we put S = Spec Ok- Both and p are allowed as the 
characteristic of K. A morphism of schemes over S is always a morphism over S. 

We introduce in Section H73] the localized intersection product with the log diagonal by 
applying Definition I3.3.1I We establish an important property that the localized intersec- 
tion product with the log diagonal is independent of the boundary in Proposition I4.3.4I 
In preliminary subsections 14.11 and 14.21 we study local embeddings of regular schemes into 
smooth schemes and local structure of log products respectively. 

4.1 Local descriptions 

In this subsection, we study locally a regular flat scheme X of finite type over S = Spec Ok 
and a divisor D G X with simple normal crossings. We do not assume inclusion between 
D and the closed fiber Xp. 

Lemma 4.1.1 Let X be a regular flat scheme of finite type over S and D be a divisor 
with simple normal crossings. Then, for every point x in the closed fiber Xp, there exist 
an open neighborhood U of x, a smooth scheme P over S , a flat divisor D of P with simple 
normal crossings relative to S and a regular immersion U -^ P of codimension 1 such that 
DnU = DxpU. 

Proof. We may assume that x G Xp is a closed point. Let Di, . . . , Dm be the irre- 
ducible components of D containing x and take ti, . . . ,tm G tn^ defining Di, . . . , Dm on a 
neighborhood of x. We extend it to a minimal system ti, . . . , t„ G m^: of generators. Then, 
the map U — )■ A^ defined by ti, . . . ,t„ on an open neighborhood f/ of a; is unramified. 
Hence, after shrinking U if necessary, there is an etale scheme P — ?► A^ and a closed 
immersion U ^ P such that D (lU is the sum of the pull-back of the first m coordinate 
hyperplanes by [12j, Corollary (18.4.7)]. ■ 

We define an Cx-module fi]^,g(\ogD) as in ^25|, Section 5.3]. Let Di, . . . ,Dn be the 
irreducible components of D. Then, the residue maps give an exact sequence 

(4.1.1.1) — > Q],^, — > ^]c/si^ogD) — > er=iC?A — > 0. 

For a regular immersion t/ — >■ P as in Lemma 14.1.11 we have a resolution 

(4.1.1.2) > Nu/P > n'^p,si^ogb)®OpOu > fi^/s(logD)|c7 > 

by locally free Cc/-modules. We put n = dimXi^ + 1 and let Vl\jg{\ogD) = K^VL\.jg{\ogD) 
be the n-th exterior power. On an open subscheme [/ C X as above, if ei, . . . , e„ is a basis 
of Op,^(logD) ®Op C^u and if aiCi + ■ ■ ■ + a^Cn is the image of a basis of Nu/p, then the 
restriction fl'^,g(\ogD)\u is isomorphic to Ou/{ai, • • • , an) and hence the annihilator ideal 
Ann fl'^,^ (log D)\u C Ou is generated by ai, . . . , a„. 

Lemma 4.1.2 We put Xp = '^^hDi as a divisor of X and define a Cartier divisor D' 
of X by D' = YId cx d cD^i^i- Then, we have the following. 
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1. There exists a unique Ox-Hnear map 

■dlogir: Od'{D' -Xf) -> ^^/^(logD) 

sending a local generator g of the ideal Xxp-o' C Ox to dg + g ■ dlog{TT/g) for a prime 
element it of K. The map -rflogTr is independent of the choice of a uniformizer n. 

2. The map -dlogir: 0£,>{D' — Xp) -^ Q]^,g{logD) is an injection and the cokernel 
Q^, g {log D)/Od'{D' — Xp) is an Ox-'module of tor- dimension <1, on a neighborhood of 
the closed fiber Xp. 

3. Let Z be the closed subscheme of X defined by the ideal Ann Vf^jgilogD) and 
i : Z ^f X be the closed immersion. Then, Lii*V!}^ig{\ogD) is an invertible Oz-module. 
Further, for a normal scheme W over F and a morphism (f.W^Z over S , the pull-back 
(f*Lii*Q^,g{logD) is a trivial invertible Ow -''nodule. 

In the case X\D C X^, we have D' = Xp and the cokernel fl]^,g(\ogD)/Oxp will be 
denoted by Q]^,g(logD/ logF). 

Proof. 1. The local section d\og{7r/g) of Q]^,g{logD) is independent of the choice of a 
prime element vr. We have d{ug) + {ug)-d\og{'K /ug) = u{dg+g-d\og{n / g))+g{du—ud\ogu) 
for a unit u and the last term is 0. Hence the O^-linear map (ilogTr-: Ox{D' — Xp) — )■ 
Q}-^ig{\ogD) is well-defined. 

Since {j: / g){dg + g ■ dlogiji / g)) = {ji /g)dg + gd{j[ j g) = d-rr = 0, it induces Op,i{D' — 
Xp)-^n],f,{\ogD). 

2. For the injectivity, it suffices to show it at the generic point of each irreducible 
component Di of D' . Hence, we may assume Xk = X \ D. Then, it follows from |25l 
Lemma 5.3.4.2]. 

We show that Q^^, ^ (log D)/0£)i{D' — Xp) is of tor-dimension < 1. Since the question 
is local, we take an immersion t/ — ?■ P as in Lemma [4.1.11 Let ^ be a function on P lifting 
9 — '^/ Yli ^i ■ Then, after shrinking P if necessary, the divisor U G P is defined by an 
equation tt = g -Yli ^/- Hence, the image of Nu/p — )■ r2p,^(logZ)) ®Op Ou is generated by 
d{g ■ Hi TI^- Since the image of the section (H^ t[^)~^d{g ■ ]\^ T^') =dg + g-J2i hdlogTi of 
Qp,g(\ogD)®OpOu in fl]^, g {log D)\u is dg-\-g-dlog{TT/g), we have a locally free resolution 
^ Nu/p{D') ^ Q'p/si^^sD) ^op Ou ^ {Q],/si^og D)/Od'{D' - Xp))\u ^ 0. 

3. By the local description of the annihilator Ann 0,^,g{logD), it follows that the 
O^-module Lii*Q^^,g{logD) is invertible. 

We may assume W is integral. Let iw = i ° '^'^ W -^ X denote the composition. 
Then, since fi\-,g{\ogD) is of tor-dimension < 1 and the Cz-modules i*fi\-,g {log D) and 
Lii*Q^^,g{logD) are locally free, the canonical map ip*Lii*Q]^,g{logD) — )■ Lii^f2^,^(log-D) 
is an isomorphism. 

First we consider the case iw{W) ^ D. In this case, we obtain an isomorphism 
LiilyQ\,g -)■ Liilyfl]^,g {log D) of invertible Ovy-modules by fl4.1.1.ip . Let Z' be the 
closed subscheme of X defined by the annihilator ideal of fi^/5 ~ ^"^x/s- Then, since 
Lii^Q^,g is invertible, it follows from a similar local description of Ann ^x/s ^^^^ ^^^ 
map iw'- W ^ X factors through the closed subscheme Z'. Hence, the assertion follows 
from [251 Lemma 5.1.3.1]. 

Next, we consider the case iw{W) C D. By iw{W) C D and by the exact se- 
quence -> Ox{-Xp) -)■ Ox{F>' - Xp) -> Op)'{D' - Xp) -)■ 0, we have an isomor- 
phism i*y^Ox{-Xp) c^Ow ^ Lii*y^OD'{D' - Xp). The map dlogvr-: Od>{D' - Xp) -^ 
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Q]^,g(\ogD) induces a map Lii^lyOn'^D' — Xp) — )■ Lii'lyQ^,g{\ogD). We show that it is 
an isomorphism. Since the question is local, we take an immersion [/ — )■ P as in Lemma 
I4.1.1I Then, by the proof of 2., we have a commutative diagram of exact sequences 



^ Nu/P > Nu/p{D') > Od,{D'-Xp)\u > 



(4.1.2.1) 



d\ogiv\u 



> Nu/P > n],,s{\ogD)®OpOu > fii (logD)lt/ > 0. 



Since both Lii'^Op'{D' — Xp) and LiilyQl^,g(\ogD) are identified with i'^Nu/p, the 
assertion follows. ■ 

Lemma 4.1.3 Let X and Y be regular flat schemes of finite type over S and f : Y ^ X 
be a morphism over S . Let D d X and E G Y be divisors with simple normal crossings 
such that Y \ E G f^^{X \ D). Let x G Xp and y G /^^(x) C Yp be points in the closed 
fibers. 

We consider a diagram 

V > Q 

(4.1.3.1) /K 

U y P 

of schemes over S satisfying the following conditions: 

• Schemes U G X and V G Y are open neighborhoods of x and of y respectively. 
Schemes P and Q are smooth over S and D G P and E G Q are flat divisors 
of relative simple normal crossings respectively. The horizontal arrows are regular 
immersions of codimension 1 and D n U = D Xp U and E nV = E Xq V as in 
Lemma W.l.W 

Let D = 'Y^iDi and E = Ylj-^j ^^ ^^^ decomposition into components and put Di = 

DiXpU and Ej = Ej Xq V. We put /|y^(A) = Ej ^ijEj. 

Then, after shrinking V and replacing Q by an etale neighborhood, there exists a 
morphism f : Q ^ P over S that makes the diagram (I4.1.3.ip cartesian and satisfying 
f-\D,) = Zje,,E,. 

Proof. We may assume that x G Xp and y G Yp are closed points. We may also 
assume that there are etale morphisms P — )■ Ag = Spec Ok[Ti, . . . ,T„] and Q — t- Ag = 
Spec Ok[Si, . . . , Sn'] such that D and E are the pull-back of the first m and m' coordinate 
hyperplanes respectively and that the maximal ideals m^ C Ox,x and xxiy G Oy^y are 
generated by tj = Tj|[/ for i = 1, . . . , n and Sj = Sj\v ior j = 1, . . . , n' respectively. 

For z = 1, . . . , m, we put f*ti = f , Ylj ^7^ for some units Vi on V. For i = m + 1, . . . ,n, 
we also put /*tj = ^ . aijSj for some functions a^ on V. After shrinking Q, we take units 
Vi on Q lifting Vi and functions Sjj on Q lifting aij and define a map Q'- Q ^ A'g by sending 
Ti to Vi Ylj Sj'^ for i = 1, . . . ,m and to ^ • ciijSj for i = m + 1, . . . ,n. By replacing Q 

by an etale neighborhood Q Xa" P, we obtain a map f:Q^P that makes (I4.1.3.ip a 
commutative diagram. 
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The equalities f~^{Di) = J2j^ij^j follow from the definition of g. We show that 
the diagram f l4.1.3.ip thus obtained is cartesian on a neighborhood of y. Let m^^ C Op^^ 
and riXy C Oq^y be the maximal ideals. Since the horizontal arrows are regular immer- 
sions of codimension 1, it suffices to show that the canonical map /* : xhx/xhl — )■ ffiy/rh^ 
induces an isomorphism Ker(mi./rh^ — )■ mx/ml) -> Ker(my/m^ — ^ my/xviy) on the sub- 
spaces of dimension 1. Since mi./m^ = (ti, . . . ,tn) and vXy/my = (si, . . . , s„'), we have 
m^/ml = KeT{mx/m.l -)■ m^/ml) © (Ti, . . . ,T„) and rhy/rhy = Ker(rhy/m^ -)■ rriy/tTi^) © 
{Si, . . . , Sn') ■ By the definition of g, the map /* sends the subspace (Ti,...,T„) C 
rhrc/xhl into {Si, . . . , Sn') C xhy/xhy. Since vr, Ti, . . . , T„ and vr, 5*1, . . . , S^/ are bases of 
rhx/ml = Ker(ma;/m^ — )■ mx/ml) © (Ti, . . . ,T„) and of my/xhy respectively, the image of 
Ker(Tna;/m^ — )■ m^/m^) is not in {Sij . . . , Sn')- Hence the map Ker(mx/rh^ — > m^/m^) -> 
Ker(my/rh^ — )• trij^/rri^) induced by /* is an isomorphism as required. ■ 

Corollary 4.1.4 Let f : Y —^ X be as in Lemma 14.1.31 and let T^x/s C X and Sy/s C Y 
he the closed subschemes defined by the annihilators A"'f2^,^(logZ?) and A" f2y,g(log-E') 
for n = dimX;^ + 1 and n' = dimYft- + 1 respectively. Then, we have /"^(Sx/s) C T^y/s 
on a neighborhood of the closed fiber. 

Proof. It suffices to show that the condition x = fiy) E '^x/s for a point y eY oi the 
closed fiber implies y G T^y/s- We consider the cartesian diagram fl4.1.3.ip completed as 
in Lemma 14.1.31 Then, we have a commutative diagram of exact sequences 
(4.1.4.2) 

> f\*vNu/P > f\*y{n].^si^ogD)0o,Ou) > f\*yn],/s{^ogD)\u > 



Nv/Q > l]^/^(logE)©o^Oy > Ql.^g{\ogE)\v ^0 



The condition x G T^x/s is equivalent to that the map Njj/p -^ Qp,g(\ogD) (S>Op ^u is not 

a splitting injection at x and implies that the map Ny/q -^ Q}Qig{\ogE) ®Oq Oy is not a 
splitting injection at y. Hence the assertion follows. ■ 

4.2 Log products 

Let X be a regular fiat separated scheme of finite type over S and D C X be a divisor with 
simple normal crossings. We consider the log product (X X5 X)~ defined as (X X5 X)^ 
with respect to the family T> = {Di)i^i of irreducible components of D. 

Recall from [251 Definition 5.4.2] that a scheme Y locally of finite presentation over 
a scheme T is said to be locally of hypersurface if, for every y eY , there exist an open 
neighborhood U gY oi y, a, smooth scheme P over T and a regular immersion f/ — ?■ P of 
codimension 1 over T. 

Lemma 4.2.1 Let X be a regular flat separated scheme of finite type over S and D d X 
be a divisor with simple normal crossings. 

Then, the log product (X X5 X)~ is locally a hypersurface over X on an open neigh- 
borhood of the closed fiber with respect to either of the projections. 
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Proof. The question is local on an open neighborhood of the closed fiber of X. Let x G X 
be a point in the closed fiber, f/ C X be an open neighborhood of x and f/ — )■ P be a 
regular immersion of codimension 1 to a smooth scheme P over S satisfying the condition 
in LemmaHXTl We define the log product (PxsX)"" similarly. Then, we have a cartesian 
diagram 

{Uxsxy -^^ u 

(4.2.1.1) 

{PxsXr -5^ P. 

Since the second projection {P Xs X)~ — )■ X is smooth, the immersion {U Xs X)^ — t- 
{P Xs X)~ is not dominant and {U Xs X)" is a divisor of (P x^ X)~. ■ 

Corollary 4.2.2 Let X andY be regular flat separated schemes of finite type, and D C X 
and E gY be divisors with simple normal crossings. Let f : Y ^ X be a morphism over 
S such that D' = D XxY is a divisor ofY satisfying D' G E set-theoretically. 

Then, the map (/ x /)~: {Y Xs Y)"" -^ (X X5 X)~ is locally of complete intersection 
and hence is of finite tor-dimension on a neighborhood of the closed fiber. 

Proof. Since the assertion is local, we may take a diagram f l4.1.3.ip completed as in 
Lemma 14.1.31 We consider a cartesian diagram 



(4.2.2.2) 



{YxsVr ^^^^^ {xxsuy 



(YxsQr ^^^^ (XxsP)-. 



Since (X Xs P)^ is smooth over X and {Y Xs Q)^ is smooth over Y, they are regular. 
Hence the bottom horizontal arrow {f x f)~ is locally of complete intersection. Since 
the vertical arrows are regular immersion of codimension 1 and the diagram is cartesian, 
(X x^ f/)" and {Y X5 Q)" are tor- independent over (X x^ P)~. Hence the top arrow 
(/ ^ /y)~ is locally of complete intersection of the same virtual relative dimension. ■ 
We show some tor-independences (Definition 13.1.11 1). 

Lemma 4.2.3 Let X and Y be regular flat separated schemes over S of finite type and 
f : Y ^ X be a morphism over S . Let D G X be a regular divisor such that D' = D XxY 
is a divisor ofY. We assume that either both D and D' are flat over S or they are schemes 
over F. 

1. The fiber products D Xs D and Y XsY are tor-independent over X X5 X. 

2. Assume that D' = D XxY is the sum Yli^i^i /^^ '^ divisor Xli -^i '"'^'^^ simple 
normal crossings and let (X Xg X)~ and {Y x g Y)"" be the log product with respect to D 
and {D'j)i respectively. Let E G (X X5 X)~ be the pull-back of D G X by the projections. 
Then, E and {Y Xs Y)^ are tor-independent over (X x^ X)~. 

Proof. 1. By Lemma 13.1.21 it suffices to show that D Xs D and X x^ "K are tor- 
independent over X XsX and that D XsD' and Y XgY are tor-independent over X XgY . 
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By the assumption that D' = D x x Y is a divisor of Y, it follows that D and Y are 
tor-independent over X. Either if D is flat over S* or if D is a scheme over F, the fiber 
product D Xs D is flat over D. Hence D Xg D and Y are tor-independent over X with 
respect to the second projection DxsD — ;■ X by Lemma r3.1.2[ Thus, by applying Lemma 
l3.1.2l to Y^X-f^XxsX-^DxsD^vfe conclude that that D Xs D and X x^ F are 
tor-independent over X Xs X. 

Similarly, either if D' is flat over S* or if D and D' are both schemes over F, the fiber 
product D X s D' is flat over D. Hence D Xg D' and Y are tor-independent over X with 
respect to the first projection D Xs D' ^ X hy Lemma [3. 1.21 Thus, by applying Lemma 
13X21 to Y ^ X ^ X XgY ^ D XsD'.we conclude that that D Xg D' and Y XgY are 
tor-independent over X XgY as required. 

2. If D and D' are flat over 5", then E is a divisor of (X X5 X)~ and (/ x f)^*E is a 
divisor of {Y X5 y)~. Hence the assertion follows. 

Assume D = Dp. Since the assertion is local, we may take a diagram fl4.1.3.ip com- 
pleted as in Lemma 14.1.31 and we consider the diagram (14.2. 2. 2p . By applying Lemma 
l3.1.2l to f/ — > P ^ (X X5 P)'" ^ (F X5 Q)'", we conclude that the schemes (X X5 U)'" 
and (Y Xs Q)^ are tor-independent over (X X5 P)~. Since E n {X Xs U)^ is a divisor of 
(X XsPy and f*E n (F X5 1/)~ is a divisor of {Y Xg Q)~, the schemes E n (X x^ [/)~ 
and {Y Xg Q)"" are tor-independent over (X Xg P)"". Then, applying Lemma 13.1.21 to 
(Fx^Q)-^ (Xx^P)-^ {XxsUy ^ En{XxsUy, we conclude that En{XxsUy 
and (Y Xg V)^ are tor-independent over (X Xg f/)~. ■ 

Corollary 4.2.4 Let the notation be as in Lemma [4.2.31 Assume that D' = D Xx Y is 
the sum J2i ^i^'i /^'^ ^ divisor J2i ^i ^^^h simple normal crossings. 

1. Let fi'. D[ ^ D he the restriction of f : Y ^ X and {fi x fj)*: G{D Xg D) — > 
G{D'-XsD'j) be the pull-back. Then, the map {f x f)* : G^DxgD) -^ G{D'xsD') defined 
by f X f '■ Y X s Y ^>- X X s X is the composition of 

G{DxsD) "^^'^^•^^^'") @^^^G{D'^XsD'^) ^"^''"^"'" G{D'xsDy 

2. We put E' = E X(xxsX)~ {Y Xs F)~ and let E[ G {Y Xs F)~ be the pull-back of 
D[ dY by either of the projections. Then, the restriction Qi : E[ -^ E of (/ x /)~ : {Y Xg 
y)~ — )■ (X X5X)'" is of finite tor- dimension. Further, the map (/ x /)~*: G{E) -> G{E') 
defined by (/ x /)'": {Y X5 F)~ — > (X X5 X)"" is the composition of 

G(E) -^ ©iG(EO ^ill^ GiE')- 

Proof. 1. By Corollary 14. 2. 2^ the map f i x fj : D'^ x g Dj ^ D x s D is of finite tor- 
dimension and the map (/j x fj)* : G{DxsD) -)■ G{D[ XgD'j) is defined. Let fo'- D' -^ D 
be the base change of /. Then, by Lemma 14.2.31 1. the map (/ x /)*: G{D Xg D) — )■ 
G{D' Xs D') is the same as the pull-back hy fo >^ fo- D' >^s D' ^- D ^s D- By the 
assumption, either every D'^ is flat over 5" or is a scheme over F. Hence, there exists a 
filtration on Od'^^d' such that graded pieces are Od'^sD'. with multiplicities CjCj. Thus 
the assertion follows. 

2. The map E[ — )■ E Xd^^d {D[ Xs D[)^ of Gm-torsors over {D[ Xg D[)^ , induced 
by Qi : E[ — > E., is compatible with the Cj-th power map. Hence, the map gi is of finite 
tor-dimension by Corollary gXl By Lemma 112312, the map (/ x /)~*: G{E) -^ G{E') 
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is the same as the pull-back by the restriction qe'- -E' — ?■ E. Since there exists a filtration 
on Oe' such that graded pieces are Oe^ with multiplicities Cj, the assertion follows. ■ 

We study the local structure of the log product (X X5 X)~. Let X, D and the log 
product {XxsX)^ be as in the beginning of this subsection. Let Xi be a regular divisor of 
X such that Di = DflXi is a divisor of Xi with simple normal crossings. Let V = [Diji^i 
be the family of irreducible components of D and we consider the family T>i = (Dj nXi)^^/ 
of smooth divisors of Xi. Then, the log product (Xi x^Xi)" with respect to Vi is identified 
with the inverse image of Xi X5 Xi by the canonical map (X XgX)'" — )-X X5X. 

The sum D' = D U Xi is a divisor of X with simple normal crossings. We consider 
the log product (X X5 X)~ with respect to D'. By the inductive construction of the log 
product, we have a canonical isomorphism (X XsX)~ — )■ (X XsX)^ >^xxsX (X Xs X)x^- 
The inverse image E of (Xi Xg Xi)~ by the canonical map (X x^ X)~ — )■ (X Xg X)~ is 
a Gm-torsor over (Xi Xg Xi)~ by Lemma [1.3.11 They are summarized in the cartesian 
diagram 

E > (Xi Xc^Xi)- > Xi X5X1 

(4.2.4.1) 

(Xx^X)^ > (XxsX)~ > XxsX 

where the vertical arrows are closed immersions. The subscheme E C (X Xg X)~ is the 
inverse image of Xi C X by the composition of the canonical map (X X5 X)~ — )■ X X5 X 
with either of the projections X X5 X — )■ X. 

To understand the local structure of the log product, it suffices to study it on a neigh- 
borhood of E by the inductive construction of the log product. 

Lemma 4.2.5 Let the notations X,D,Xi,E etc. be as above. 

1. Assume Xi is flat over S . Then the immersion (Xi Xg Xi)"" -^ (X Xg X)~ is a 
regular immersion of codimension 2 and E is a Cartier divisor of (X X5'X)~, on an open 
neighborhood of the dosed fiber. 

2. Assume Xi is a subscheme of the closed fiber Xp and put d = dimXi?. Then the 
scheme (Xi x^ Xi)'" is smooth of dimension 2d over F. 

Proof. 1. We show that the immersion (Xi x^Xi)" —)■ (X x^X)" is a regular immersion 
of codimension 2 on a neighborhood of the closed fiber. Since the question is local on a 
neighborhood of the closed fiber, we take a regular immersion f/ — )■ P as in Lemma 14.1.11 
By the construction loc. cit., we may assume that there is a smooth subscheme Pi G P 
of codimension 1 such that Xi fl t/ = t/i — t- [/ Xp P^ is an isomorphism. Then, in the 
cartesian diagram 

{Uxsxr y (PxsX)- 



(UiXsXi)- y (PiX^Xi)-, 

the horizontal arrows are regular immersions of codimension 1. Further, the right vertical 
arrow is a regular immersion of codimension 2 since (Pi x 5X1)'" is a smooth divisor of the 
base change [P Xg X)~ Xx Xi. Hence the left vertical arrow is also a regular immersion 
of codimension 2. 
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Since the log product (X X5 X)~ is an open subscheme of the blow up of (X X5 X)~ 
at (Xi Xg Xi)^ in this case, the subscheme E is an open subscheme of the exceptional 
divisor. 

2. Since the projections (Xi Xp Xi)^ — )■ Xi are smooth of relative dimension d, the 
assertion follows. ■ 

We keep the notation and assume that Xi is a subscheme of the closed fiber Xp. 
Let (5: X — )■ (X X5 X)~ be the log diagonal map. Since 5 is a section of the projection 
(Xx^X)" — )■ X, the pull-back L6*L(_xxsX)~/x of the cotangent complex [13j is canonically 
identified with the conormal complex Mx/{xxsX)~ [25| Definition 1.6.3.1]. Further, since 
the immersions Xi ^ E and Xi — )■ (Xi x^ Xi)"" are reguler immersions, the excess 
conormal complexes M'-^,,-^^ -^^^ ^ and Af^/rxx x)~ (Xix Xi)~ ^^^ defined as complexes of 
0Xi-niodules as in [251 Definition 1.6.3.2]. They fit in the distinguished triangles 

(4.2.5.1) ^ M^/(^,^^).^^ -^Uin],/s{^ogD') ^ Nx,/E ^, 

(4.2.5.2) ^ ^x/{XxsX)~,{Xix^xo- -^Ltin],/si^ogD) -^ fi^^/^(logDi) ^ 
by [251 Proposition 1.6.4.2]. More concretely, they are described as follows. 

Corollary 4.2.6 Let the notation be as above and assume that Xi is a smooth scheme of 
dimension d over F. 

1. There exists a canonical isomorphism M'-^,,^^ ^■.~ ^ — )• Npjs ®p Oxjl]- 

2. There exists an isomorphism M^/(xxsX)~,(Xixj.Xi)~ ^ [Np/s'^pOx^ -^ Nx^/x]- If 
Sx/5 C X denotes the complement of the maximum open subscheme of X smooth over S, 
the complex M'-^^-^^ -^^^ (Xix^^Xi)- ^^ "^1 ^■^ acyclic outside Xi fl T^x/s- 

Proof. 1. Let ii : Xi — )■ X be the closed immersion. Since the immersion Xi -^ E is a, 
regular immersion of codimension rf+l, the canonical surjection i\VL^^,g{\ogD') — )■ Nx^/e is 
an isomorphism. Hence, by the distinguished triangle (I4.2.5.ip . we obtain an isomorphism 
^'xnxy. x)~ E ~^ -^i^i^x/s(^°S-^')[l]- Thus the assertion follows from Lemma B. 1.21 3. 

2. By the exact sequence — )■ p*Q]^,g{logD) — )■ fl^,g(logD') — )■ Oxi — ?■ 0, we have a 
distinguished triangle -^ LilQ]^ ^g (log D) -^ LilQ]^ ^g (log D') -^ LilOx^ -^- By (14.2.5. ip . 
(I4.2.5.2P and by the exact sequence — t- Q]^^,p(logDi) — )■ Nx^/e -^ Oxi — ?■ 0, we obtain 
a distinguished triangle ^ M^/^^^^^^. (^^^^^^). ^ M'^/(xxsxr,E, -^ ^i^i^xjl] -^ ■ 
Hence the assertion follows from 1. and the isomorphism Lii\Oxi — ^ Nx^/x- 

If X is smooth over S", the immersion Xi — > Xj? is an open immersion and the complex 

^'x/(x>csxr,{x,>cpx,r ^^ acyclic. ■ 

Assume that the underlying subset of the closed fiber Xp is a subset of D. Then, the 
closed subscheme (X x^ X)^,^ C (X X5 X)~ is denoted by (X x§ X)"". The conormal 
sheaf Xx/(xxsX)~ is equal to r2^,g(logD/ logF). We have an exact sequence 

(4.2.6.1) > Ox^ > ^^/^(logD) > n],jg{logD/logF) v 

by Lemma|iXl2. We put n\^g{logD / logF) = A''n]^^g{logD/logF) for n = dimXi^ + 
1. 

Lemma 4.2.7 Let X be a regular flat scheme of finite type over S and D d X be a divisor 
with simple normal crossings. Assume that the underlying set of the closed fiber Xp is a 
subset of D. 
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1. The scheme {X x§ X)'" is flat and locally a hypersurface over X with respect to 
either of the projections, on a neighborhood of the closed fiber. 

2. Let Z be the closed subscheme of X defined by the ideal Ann Vt^j^iXogD / \ogF) 
and i : Z -^ X be the closed immersion. Then the restriction of the invertible Oz -module 
Lii*Q^j^,g{logD/logF) to the reduced closed fiber Zp^icd is trivial. 

Proof. 1. The log scheme X with the log structure defined by D is log fiat ([251 Section 
4.3]) over S with the log structure defined by the closed point. Since the projection 
{X x§ X)~ — 7- X is strict, it is fiat. The rest of proof is similar to Lemma [4. 2. 1[ In the 
notation loc. cit., we consider the immersion (f/ x§X)~ — )■ (P XsX)". Then, (P x§X)~ 
is smooth over X and the immersion [U x§ X)^ — )■ (P x§ X)~ is a regular immersion of 
codimension 1. 

2. The proof is similar to [251 Lemma 5.3.5.1]. Let i' : Zp^-^d — )■ X be the im- 
mersion. Similarly as in Lemma 14.1.21 3.. the restriction of the invertible O^-niodule 
Lii*Q]^,g(\ogD/ logF) to Zp^j-cd is isomorphic to Lii'*Q]^,g(\ogD/\ogF). 

By the exact sequence (I4.2.6.ip . we obtain an exact sequence 

^ L^t'*Ox, ^ L,i'*Q],/s{logD) ^ L^i'*Q],^si^ogD/logF) 

^ rox, ^ rn'x/siiogD) -> ^'*fi^/5(iogD/iogP) -^ o. 

By a local description of Z similar to that given before Lemma 14.1.21 it follows that the 
last map i'*fl\,g(\ogD) — )■ i'*Q]^,g(\ogD/ logF) is an isomorphism of locally free Ozp^^^- 
modules. Hence the map Lii'*Ql^,g(\ogD/ logF) — )• i'*Oxp is a surjection of invertible 
(9^^ ^^^-modules and is an isomorphism. Therefore, the map Lii'*Oxp — ?■ Lii'*VL\rig{\ogD) 
is also an isomorphism of invertible O^^^^^-modules. Since Lii'*Oxp is isomorphic to 
^^Frcd; ^h^ assertion follows. ■ 

4.3 Intersection product with the log diagonal 

Let X be a regular fiat separated scheme of finite type over S = Spec Ok and D C X he 
a divisor with simple normal crossings. We put n = dimXK + 1- We define the localized 
intersection product with the log diagonal as follows. 

We consider the log product (X x^X)" with respect to the family V = {Di)i^i of irre- 
ducible components oi D and the log diagonal 5: X = A^^^ — )■ (XxsX)~. Let Sx/5 be the 
closed subscheme of X defined by the annihilator ideal of r2^,^(log D) = A"(r2^,^(log D)). 
Since S is a section of the projection (X x^X)" — )■ X the pull-back L6*L(^xxsX)~/x of the 
cotangent complex [13] is canonically identified with the conormal complex Mx/{xxsX)~ 
and we have a canonical isomorphism 'HoMx/(xxsX)~ -^ ^x/sO-'^^D). 

We consider a closed subscheme A of (X Xg X)~. We apply the localized intersection 
product 03.3. 1.5P by taking Ac (X x^ X)~ ^AxasVcX^W. Then, we obtain 
T = 6~^{A),Z = T^x/s ill the notation of Definition 13.3.11 and the localized intersection 
product defines a map 

(4.3.0.1) (( .A'°x''))ixxsxr:G{A) > G{5-\A) n^x/s) /c^^^^- 

We assume that A satisfies the condition: 
(A) The intersection 5~^(y4) fl Sx/s is supported on the closed fiber Xp. 
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Then, since the Grothendieck group G{6 ^{A) fl Sx/5) is generated by the classes of 
the normahzations of integral closed subschemes, we have G{6~^{A) fl Sx/5)/£e — 
G{6~^{A) n T^x/s) by Lemma [4.1. 21 3. Thus, we make the following definition as in [25| 
Definition 5.1.5]. 

Definition 4.3.1 Let X be a regular flat separated scheme of finite type over S = Spec Ok 
and D G X be a divisor with simple normal crossings. Let A be a closed subscheme of the 
log product {X Xg X)~ satisfying the following condition: 

(A) The intersection 6~^{A) fl T^x/s is supported on the closed fiber Xp- 

Then, we call the map 

(4.3.1.1) (( , A'^^)\x.sxr ■■ GiA) > G{6-\A) n ^x/s) 

the localized intersection product with the log diagonal. 

For a scheme X of finite type over S, we define the dimension function dim: X — )■ 
N as in [251 Section 2.1]. Namely, for a point x G Xk (resp. x G Xp), we put 
dimx = tr .deg{K{x) / K) + 1 (resp. dimx = tT.deg{K{x)/F)). Using this dimension 
function, we define the topological function F, on the Grothendieck group of coher- 
ent modules. The logarithmic localized intersection product (( , A^^))(xxgX)~ : G{A) — )■ 
G{S~^{A) n Sx/5) preserves the topological filtration in the sense that it induces a map 
FgG{A) -> Fg_nGi5-\A) n Ex/s) PS Theorem 3.4.3.1]. 

The localized intersection product with log diagonal has the following functoriality. 

Lemma 4.3.2 Let Y be another regular flat separated scheme of finite type over S and 
E <Z Y be a divisor with simple normal crossings. Let {Y X5 y)~ be the log product with 
respect to E and we put V = Y \ E. Let f : Y ^ X be a morphism over S such that 
f{V) C U and we consider the map (/ x f)^: {Y x y)~ — )■ [X x X)~ of log products. 
We assume that Ay = (/ x /) ^{A) G {Y Xs F)~ also satisfies the condition (A) in 
Defimtzon\M3 Let f*: G{6x\A) n Sx/5) ^ G{6y^{Ay) n I:y/s) be the the pull-back by 
f-Y^X. 

1. After replacing X and Y by neighborhoods of the closed fibers, the pull-back (/ x 
/)-*: G{A) -^ G{Ay) by (/ x /)~: (Y x r)~ ^ {X x X)~ zs defined. Then, the diagram 

(( ,a!^^)) 



G(A) ^^-^ GiS^\A)nEx/s) 



ifxir 



r 



(( ,A^^)) ^ _ 



G(Ay) ' ") G{5y'{Ay)^^Y/s) 

is commutative. 

2. Assume further that X and Y are integral of the same dimension n = dim X^ + 1 = 
dim Yk + 1 and that f is proper. We put d = [Y : X] if f is generically finite and d = 
if f is not surjective. 

Then, after replacing X and Y by neighborhoods of the closed fibers, the pull-back 
(/ X /)-*: GrfG(A) ^ GrfG(Ay) by (/ x /)~: {Y x Y^ ^ {X x X)~ zs defined and 



61 



the diagram 



GrfG(A) ^ii^ GTlMSx\A)nEx/s) 



ifxir 



/. 



GiiGiAY) ^1^^ Gr:_„G(5^^(Ay)nSy/5) 



is commutative. 



Proof. 1. Note that the pull-back /*: G{5^\A) n Sx/5) ^ ^(^^^(Ay) n Sy/5) is 
defined by Corollary 14. 1 .41 and by the assumption (A). By Corollary 14.2.21 after replacing 
X and Y by neighborhoods of the closed fibers if necessary, we may assume that the 
map (/ X /)": {Y x y)~ — )■ (X x X)~ is of finite tor-dimension. Hence, the pull-back 
(/ X fy* : G{A) -^ G{Ay) by (/ x /)~ : {Y x y)~ ^ (X x X)~ is defined. 

By the associativity. Lemma [3.3.41 the composition via upper right is equal to the map 
(( , Ay^))(xxgX)~- By the associativity Lemma [3. 3. 51 the composition via lower left is also 
equal to the same map. 

2. Similarly as in 1., after replacing X and Y by neighborhoods of the closed fibers, 
the pull-back (/ x /)~*: GrfG(A) -^ GrfG(Ay) by (/ x /)~ is defined. The composition 
f^o f*: G{5x^{A) n T.x/s) -^ Gi^x^i^) H Sx/5) is equal to the multiphcation by [Rf^Oy] 
and induces the multiplication by rf = rank(i?/^,(9y) on Gr, . Hence, it follows from 1. ■ 

We establish an important property that the localized intersection product with the 
log diagonal is independent of the boundary. We begin with preliminary computations. 
Let Xi be a regular divisor of X such that the intersection Di = Xi n D is a divisor of Xi 
with simple normal crossings. Let V = {Di)i^i be the family of irreducible components of 
D and we consider the family T>i = {Di n Xi)i^i of smooth divisors of Xi. We identify 
the log product (Xi X5 Xi)~ with respect to Vi with the inverse image of Xi x^ Xi by 
the canonical map (X X5 X)~ — t- X X5 X. The sum D' = D U Xi is a. divisor of X with 
simple normal crossings. 

We consider the log product (X x^ X)~ with respect to D', the log diagonal map 
(5: X — !■ (X X5 X)~ and the canonical map (X X5 X)~ — )■ (X X5 X)". The inverse 
image E of (Xi Xg Xi)~ C (X X5 X)~ by (X X5 X)~ — )■ (X Xg X)~ is a Gm-torsor by 
Lemma [1.3. II The pull-back of the G^-torsor E by the log diagonal Xi — t- (Xi X5 Xi)'" 
is trivialized by the restiction to Xi of the log diagonal X — )■ (X X5 X)~. We identify 
E X(^XixsXi)~ ^1 with Gm,Xi and the restriction of the log diagonal Xi —> E y<(XixsXi)~ ^i 
with the 1-section Ix^- They are summarized in the cartesian diagram 

Gm,x, ^ E y {XxsXr 

(4.3.2.1) 

Xi > (XiX^Xi)- y (XxsX)-. 

Lemma 4.3.3 Let Xi be a regular divisor of X such that Di = Xi (1 D is a divisor of 
Xi with simple normal crossings. Let (X X5'X)~ denote the log product with respect to 
D' = D U Xi and let ^'x/s ^^ ^^^ closed subscheme of X defined by the annihilator ideal 

Annfi^/5(logD')- 

Let A be a closed subscheme of E G (X x^X)^ satisfying the condition (A) in Defini- 
^zon l4.3.11 We identify Ex (^XixsXi)'- X I withGm,Xi and the section Xi —yEx(^XixsXi)~Xi 
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defined by the restriction of the log diagonal with Ix : Xi — ;■ Gm,Xi ■ Then, the intersection 
product 

(4.3.3.1) (( , A'^^))^x.sxr ■ GiA) ^ G{6-\A) n s;^/^) 

with the log diagonal is computed as follows. 

1. Assume that Xi is flat over S and let (( , A^^))(XixsXi)~ : G{A) -^ G{AnGm,T:x /s) 
be the localized intersection product with the log diagonal Xi — )■ (Xi X5 Xi)~. Then, we 
have Sxi/s C ^'x/s H Xi on a neighborhood of the closed fiber and the map (I4.3.3.ip is 
induced by the composition 

(4.3.3.2) G(A) " ■^^■»--'--: G(^nG,,.,.„) lifi^^iil, G(S-HA) nH,,,,)- 

2. Assume that Xi is a subscheme of the closed fiber Xp. Then, we have Xi C '^'x/s 
and the map (14.3.3.11) is induced by the usual intersection product 

(4-3.3.3) G{A) ^^^^ G{6-\A) n X,). 

Proof. 1. By replacing Q in the diagram (14.1.4.21) by Pi as in the proof of Lemma 
14.2.51 1. we obtain Sxi/5 = ^x/s H ^i- Thus, we have S^i/s = ^x/s H Xi C ^'x/s ^ ^1 
on a neighborhood of the closed fiber. 

By Lemma r4.2.5[ l. ii^ is a Cartier divisor of (X X5X)~ and we have {E., A^^)(xx5X)~ = 
[A|^^]. We apply Lemma [3X1 by taking (X X5 X)^ D E,X D Xi as X D X', VT D W. 
Then, the map 04.3.3.11) is induced by (( ,1xi))b: G{A) -^ G{5-^{A) n T^x^/s)- Further 
we apply Lemma [3.3.41 to E ^ E y<(XixsXi)~ ^1 = Gm,Xi ^ ^i- Since E is flat over 
(Xi X5 Xi)~, we see that the map (( , Ixi))^: G{A) — )■ G^S'^^A) fl Sxi/5) is equal to the 
composition of (I4.3.3.2p . 

2. We have an exact sequence -^ Oxp — >■ ^x/s(^'^&^) ~^ ^x/5 (^°S / ^*-'S) — ^ on a 
neighborhood of the generic point of Xi by Lemma 14.1.21 Thus, we have Xi C ^'x/s 

We apply LemmaEXSlby taking E -^ (X x^X)^ ^A^°'^asV-^X^W. Then, the 
localized intersection product (( ,A^^))(^xxsX)~ is equal to the usual intersection product 

( , {{E, A'^^))^x.sxr)E with ((E, A'^^))^xxsxr = co{M'^/^x.sxr,E) n [^i]- By Corollary 
14.2.61 1. the left hand side is equal to Ixi- Hence, the assertion follows. ■ 

Proposition 4.3.4 Let X be a regular flat separated scheme of finite type over S and 
D G X be a divisor with simple normal crossings. We put U = X \D. Let A be a closed 
subscheme of {X x^X)" satisfying the condition (A) in Definition \4:.'i.l\ and the following 
condition: 

(B) For each irreducible component Di of D, we regard Gm,Di os a closed subscheme of 
(X X5X)~ as in (I4.3.2.ip . Then, there exists an integer li such that the intersection 
A n Gm,Di is supported on the subscheme fi^^Oi C Gm,Di- 

We put A° = An{U XsU). Then, there exists a unique map G{A°) -)■ G(S~^(A) n T.x/s), 
also denoted by (( , A^^)), that makes the diagram 

(4.3.4.1) G{A) ^^ '^"'": Gi6-\A) n S^/s) 

restriction 

G{A°) 
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commutative. 

Proof. For each irreducible component Di oi D, we put Ai = ACiEi. By the exact sequence 
^iG{Ai) — 7- G{A) —7- G{A°) — 7- 0, it suffices to show that the composition of 

(4-3-4-2) G{A,) > G{A) A:^ g{S-\A) n S^/,) 

is the zero map for each i. 

First, we consider the case where Di is flat over S. By Lemma r4.3.3[ l. the composition 
of f l4.3.4.2p is induced by the composition of 

G[Ai) y G(Ai nGm,Sc^/s) ^ "-^(^ [Ai) nhDjs)- 

Hence, it suffices to show the second map is the zero- map. By the assumption (B), the 
intersection Ai fl Gm,Di is a closed subscheme of fii^^Df Hence, if the characteristic p of 
K satisfies p > 0, the assertion follows from Lemma 14.3.51 below. If the characteristic of 
K is 0, the generic fiber ^d,/s ^s Spec K is empty since the closed immersion Dix — > 
[DiK Xr Dix)"" is a regular immersion. Hence it also follows from Lemma [4.3.51 below. 

Next, we consider the case where Di is a subscheme of the closed fiber Xp. In this 
case, by Lemma 14.3. 31 2. the composition of (14.3.4.21) is induced by the composition of 

G{A^) ' '""^'-'---'^^ G{A^ n G„,,J ' '^^'^"--- G{A^ n A^^) 

Hence, it suffices to show the second map is the zero- map. By the assumption (B), the 
assertion in this case is also reduced to the following Lemma 14.3.51 

Lemma 4.3.5 Let D he a noetherian scheme over ¥p and I > 1 be an integer. Let A be 
a closed subscheme of fii^D C Gm,D- Then, the intersection product 

(,Mg.,,:G(A) > GiAnlo) 

with the unit section Id C fii^n is the zero map. 

Proof. By replacing / by its p-part /', we may assume that / is a power of the characteristic 
p > of F since fii>^D is a closed and open subscheme of /i; £> and has the same intersection 
with the 1-section. Further, since the nilpotent closed immersion AHId ^ A induces an 
isomorphism G{A fl Id) — >■ G{A), we may assume A is a closed subscheme of Id- For a 
coherent Oi^-module J-", we have 

Hence the assertion follows. ■ 

The following Lemma, analogous to Lemma I4.3.3[ will be used in the proof of Propo- 
sition I6.1.H which in turn will be used in the proof of a blow-up formula Proposition 
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Lemma 4.3.6 Let Xi be a regular divisor of X such that Di = XiCiD is a divisor of Xi 
with simple normal crossings. Let {X x^X)" denote the log product with respect to D and 
let T^x/s be the closed subscheme of X defined by the annihilator ideal Ann Q^,g{\ogD). 
We regard {Xi Xg Xi)~ as a closed subscheme of {X x^ X)~ as in fl4.3.2.ip . 

Let A be a closed subscheme of {Xi Xg Xi)"" satisfying the condition (A) in Definition 
\A.3.1\ and leti: {Xi XsXi)"" — )■ {X XsX)~ be the closed immersion. Then, the intersection 
product 

(4.3.6.1) (( , A5^))(xx,x)^ : G{A) ^ G{6-\A) n E^/s) 

with the log diagonal is computed as follows. 

1. Assume Xi is flat over S . Then, we have ^Xi/s = ^x/s H Xi on a neighborhood of 
the closed fiber and the map (14.3.6. ip is induced by the composition 

(4.3.6.2) 

G{A) > G{6 \A)nJ:x,/s) > G{6 \A)ni:x,/s)- 

2. Assume that Xi is a subscheme of the closed fiber Xp. Then, the map (14.3.6. ip is 
equal to the composition of 

(4.3.6.3) 

G(A) ^ ' ^ ^ ^ > Gi5-\A)) '-- —^^ Gi5-\A)ni:x/s). 

Proof. 1. We have shown the equahty T^x-^/s = ^x/s fl Xi on a neighborhood of 
the closed fiber at the beginning of the proof of Lemma [4.3.31 1. By Lemma [4.2.51 1. the 
immersion (Xi X5Xi)~ — )■ (X x^X)"" is a regular immersion of codimension 2. Since the 
excess conormal sheaf Ker((pr];Xxi/x © W2^Xi/x)\xi — ^ Nxi/x) is isomorphic to Nxi/x, 
we have ((Xi Xg Xi)^,Ax^)(^xxsX)- = -ci{Nx,/x) n A|^^. We apply Lemma [3X2] by 
taking (X x^X)- D (Xi X5Xi)~,X D Xi as X D X', l^ I) W. Then, the map (14.3.6. ip 
is induced by (( , -c,iNx,/x) n^^x,xsX,r ■ G{A) ^ Gi5-\A) n Ex./s)- Further, it 
is equal to the composition of (I4.3.6.2p . 

2. We apply Lemma[333]by taking (Xi XgXi)^ -^ (X XgXy ^ A^^ as V ^ X ^ 
W. Then, the map (14.3.6. ip is equal to the usual intersection product 

( )(((-^l X5-^l)~, A^^))(xxsX)~)(XiXsXi)~ 

With (((Xi XsX^r,A'^^))(^xxsxr = -Ci(M^/(xxsX)-,(x,xsXi)-) ^ l^i]- By Corollary 
W7IM 2. the right hand side is equal to -Ci{[Nf/s ® Cxi -> Nx^/x])xinY:x/s ^ ^Xi- Hence, 
the assertion follows. ■ 

If {X\D)f = 0, we have an alternative construction. Let A C (X XgX)"" C {X XgX)^ 
be a closed subscheme satisfying the condition (A). Then, a localized intersection product 

(4.3.6.4) (( , A'°^))^x>c,x)- : G{A) y G{6-\A) n J^x/s)- 

is defined similarly as (I4.3.1.ip . by Lemma [4. 2 .71 We show that it gives the same invariants. 

Proposition 4.3.7 Let X be a regular flat separated scheme of finite type over S and 
D G X be a divisor with simple normal crossings. We assume (X \ D)f = 0. 

Then, for a closed subscheme A of (X x§ X)~ satisfying the condition (A), we have 
an equality 

((,a:?^))(xxsx)^ = ((,a:^^))(xx,x^ 

of maps G{A) -^ G{5-\A) n ^x/s)- 
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Proof. Let W C A he an integral closed subscheme. If 14^ is a subscheme of A^^, let 



tt:W'->W denote the identity of W. If not, letir-.W^W be the blow-up at I^' nA^^. 
Since G{A) is generated by the classes vr^,[iy] for integral closed subschemes W of A, it 
suffices to show the equality {(W',A^^^))(^xxsX)~ = {(W',A^^^))(^xxsX)~- 

We put T' = W X(xxsX)~ A^^, Z = T^x/s and d = dimPVi^ + 1. Then, by the excess 
intersection formula p5l Theorem 3.4.3], we have 



((ly, A7))(xx,x)^ = M{-l)Wz,XM'x/ix.sxr,w') n [T']), 

By the exact sequence — t- Oxp — ?■ ^x/s(^°s) ^ ^x/s(^'-'S/^'-'S) ~^ 0, we obtain an 
equality Cdl'^X^x/(XxsX)-,w') = (^dl'^X^x/iXxsX)-,w')- Thus the assertion follows. ■ 



66 



5 Invariants of wild ramification 

We keep fixing a complete discrete valuation field K with perfect residue field F of char- 
acteristic > and S = Spec Ok- 

In Section 15.31 we define invariants of wild ramification for a finite etale morphism 
f : V ^ U oi regular fiat separated schemes of finite type over S, such that the generic 
fiber Vk — ?■ Uk is tamely ramified with respect to K (Definition I2.4.ip . The definition 
uses the localized intersection product with the log diagonal constructed in Section 14.31 
The definition is extended to cover the case where U and V are not assumed regular at 
the end of Section 16.21 as a consequence of the excision formula, Theorem I6.2.2[ On the 
counterpart for a finite etale morphism / : V ^ U oi smooth separated schemes of finite 
type over F defined in [26] , we also state some complements. In Section 15. 4[ we establish 
elementary properties of the invariants of wild ramification defined in Section 15.31 We 
define the logarithmic different and the Lefschetz classes and derive their basic properties 
analogous to the classical ones. 

Before defining the invariants in the general case, we define and compute the logarith- 
mic different and the Lefschetz class using regular schemes containing U and V as the 
complements of divisors with simple normal crossings in Section 15.11 We introduce the 
target groups where the invariants of wild ramification take values as certain projective 
limits with respect to the system of compactifications in Section 15.21 We also introduce a 
variant that will be used in the case where K is of characteristic 0. 

5.1 Logarithmic different and the Lefschetz class 

Let y be a regular flat separated scheme of finite type over S and V C Y he the com- 
plement of a divisor E with simple normal crossings. Let f : V ^ U he a finite etale 
morphism of separated schemes of finite type over S. We consider the family S = {Ei)i^i 
of irreducible components of E and we assume that the closed subscheme S^,^F C Y 
(Definition 12. 1.21 1) is supported on the closed fiber. Then, the closure A oi {V x^V)\ Ay 
in the log product {Y Xg y)~ = {Y Xg Y)'^ satisfies the condition (A) in Definition 14.3.11 
since ^y/^ = S~^{A). We also assume that there exists a separated scheme X of finite 
type over S containing U as the complement of a Cartier divisor and that f : V ^ U is 
extended to a morphism /: y — > X over 5* satisfying f~^{U) = V. Then, by Lemma 
11.3.11 2. the same A satisfies the condition (B) in Proposition 14.3.41 Thus, by applying the 
map (113211), we obtain (((V^ XuV)\ Ay, A^^))^^^^^^^ ^ FoG'(S^/^F). 

Definition 5.1.1 Let Y be a regular flat separated scheme of finite type over S and V G Y 
be the complement of a divisor E of Y with simple normal crossings. Let f : V ^ U be 
a finite etale morphism of separated schemes of finite type over S. We assume that the 
wild ramification locus T,y,^Y (Definition 12.1.21 1 ) defined for the family E = {Ei)i^i of 
irreducible component of E is supported on the closed fiber. 
Then, we call the localized intersection product 

{{yxuV\ Av, A'^^))(^Yxsyr e FoG{E^y/uY) 

with log diagonal the logaxithmic diSerent andweputDy^^y = ((^X(7V"\Ay, Ay^))(yxsy)~' 
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We compute the logarithmic different exphcitly using regular models. It will imply 
in particular (Corollary I5.1.3P that if f/ = Spec L and V = Spec M for finite separable 
extensions L G M oi K, we have 



r)iog 

^V/U,Y 



lengtho^fij,^ ,0^(log/log) = length^^fi^^ .^^ - (cm/l - 1) 



in Z = FoG'(Spec CA//mAf). 

We consider a cartesian diagram 



(5.1.1.1) 



V 



U 



-> Y 



-> X 



of regular fiat separated schemes of finite type over S. Suppose that f : V ^ U is finite 
etale and that U = X \ D and V = Y \ E are the complements of divisors D and E 
with simple normal crossings respectively. Using the diagram (IS.l.l.ip . the logarithmic 
different DyJ^y can be computed as follows. 

We put n = dimXii- + 1 = dimY/^ + 1. We consider the map f*Q\-,g{logD) — )• 



QY,g(logE) of coherent Cy-modules. Let S 



-•Y/X 



X/S\ 

C F be the closed subscheme defined 



by the annihilator Xe = Ann(Coker(/*i7^,^(logD) -> l]Lg(logE))) C Oy- Since Y is 
regular, there exist a locally free Oy-module V and a surjection V — )■ Qyi^ilogE) by [HI 
Corollaire 2.2.7.1]. Hence, the localized Chern class Cn{^Y/g{\ogE) — f*Q]^,g(\ogD))-s fl 
[F] e FoGiEy/x) is defined in [261 (3.24)] (cf. f l3.2.3.2l) ). 

The image of the logarithmic different DyJ^y ^ -^0^(2^/^^) in FoG'(Sy/x) is com- 
puted using the localized Chern class Cni^y/gilogE) — f*Q^,g(logD))^y n[Y] as follows. 



Proposition 5.1.2 Let X and Y be regular flat separated schemes of finite type over S 
and let U = X\D and V = Y\E be the complements of divisors D G X and E G Y with 
simple normal crossings. Let f : Y ^ X be a morphism over S such that f~'^{U) = V and 



the restriction f = f\v- V ^ U is finite etale. We assume that the support S 
of the cokernel r2y(logii^)//*r2^(logD) is supported on the closed fiber Yp. 
Then, we have Y^yijjY G Sy/x o-nd, for n = dimX^^ + 1, 



'Y/X 



gy 



(5.1.2.1) 

m FoG'(Sy/x). 



D 



log 

V/U,Y 



-irc^in^/si^ogE) - /*fi^/5(logD))s n i[Y]) 



Proof. We consider the log products (X x^X)"" and {Y XgY)^ with respect to D and 
E respectively and will apply Proposition 13.4.31 to the commutative diagram 



(5.1.2.2) 



Y 



Y 



f 



Y 



Sy 



> {YxsYY 



ifxir 



X -^^ (X xsxy 
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where the upper square and the tall rectangle are cartesian. We put (Y Xx Y)"" = 
{¥ XsVy X(xxsX)- ^x^- Since the cokernel CokeT{f*n]^/g{\ogD)) -> (^^./^(logE)) is the 
conormal sheaf Ny/{yxxY)~, the restriction of the log diagonal map 6y'- Y ^ (Y Xx Y)^ 
to the complement ^ = F \ S is an open immersion. Hence the complement A = {Y Xx 
y)~ \ A~^ is a closed subset of (F x^ F)~ such that 6~^{A) = T^y/x- Since A contains 
(y Xu V)\ Ay as a subset, we have an inclusion Tiy,jjY C Sy/x- 

We define a bounded complex C of (9(yxsy)~-modules by the distinguished triangle 



^ C ^ L{f X /)~*0^iog ^ C^iog ^. We have An{V XsV) = {V XuV)\Av and 



the restriction map F„G(A) -^ FnG{iy XuV)\ Ay) sends [C] to [(\/ X[/ \/) \ A 
Hence, by Proposition 14.3.^ the image of the logarithmic different Dyjjjy by the map 

FoG{Tjy,jjY) — )• FoG{T,Y/x) is the localized intersection product (([C], Ay^))(yxsy)~- 

In order to apply Proposition 13.4.31 to the diagram (I5.1.2.2p . we check that its assump- 
tion is satisfied. For a point y of the closed fiber of Y, we have an open neighborhood V 
of y, an open neighborhood U' of f{y) and a cartesian diagram 



V 



U' 



-> Q 



-^ P 



as in Lemma 14.1.31 Then, in the diagram 

V > {V XsYY 



-> {Qy<sYy 



U' 



^ (u'xsxy 



-^ (Pxsxy 



the right square is cartesian and the horizontal arrows in the right square are regular 
immersions of codimension 1. The compositions of the horizontal arrows are both sec- 
tions of smooth morphisms of relative dimension n and hence are regular immersions of 
codimension n. Thus the condition ( 13.4.31 3) is satisfied. 



Since M{.^(^y^^Y)~x 



M 



Y/(YxsYr 



fiLg(logE)andM^ 



X/{XxsX)-',Y 



Lf*M_ 



x/{XxsXY 



/*fi^/^(logZ)), applying Proposition 13.4.31 3. we obtain 

(((/ X f)\Au] - [Ay], A^*^))(yx,y)^ = [LK^ rn\^, {log D) ^ LK^^n\.,s{\ogE)] 

in FqG{Tjy/x)- The right hand side is equal to the image of the localized Chern class 
c„(n^/5(log) - /*fi^/5(log))2 n ([F]) in FoG(Sy/x) by Proposition [3221 ■ 



Corollary 5.1.3 Let L C M he finite separable extensions of K and put U = Spec L and 
V = Spec M. Let X and Y be the normalizations of S in U and V respectively. Then, 
length^^fi^^^/^Jlog/log) G Z. 



we have DyJ^y 



For an automorphism of a scheme over 5, we define the Lefschetz class as the intersec- 
tion product of the graph with the log diagonal as follows. 

Definition 5.1.4 Let X be a regular flat separated scheme of finite type over S and U = 
X \ D be the complement of a divisor D with simple normal crossings. Let a be an 
automorphism of X over S such that cr(f/) = U and V^ = 0. 
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1. Let Fg- C (X X5 X)'" be the schematic closure of the graph T^r C U Xs U of the 
restriction of a. We define the logarithmic fixed part Xy^^ C X by X"^^ = A^^X(^xxsX)~'^a- 
We assume that Xj^ n T^x/s is supported in the closed fiber. We call the logarithmic 

intersection product {{Tcr, A^^))(xxsX)^ ^ FoG{X^^^ fl Sx/5) the logarithmic Lefschetz 
class. 

2. We say a is admissible if the following condition is satisfied: For each irreducible 
component Di of D, we have either cT{Di) = Di or cr{Di) fl Di = 0. 

We compute the logarithmic Lefschetz class using the Segre classes ^ 4.2], under a 
slightly weaker assumption than in [251 Lemma 5.4.8]. 

Lemma 5.1.5 Let X be a regular flat separated scheme of finite type over S and U = X\D 
be the complement of a divisor D with simple normal crossings. Let a be an automorphism 
of X over S such that (y{U) = U and U" = 0. We assume a is admissible. Let Di, . . . , D^ 
be the irreducible components of D and we put U = X \ Uro-fD )nD =0 ^i- Then, 

1. Let '-jjj : U ^ X Xs X be the restriction of '-/ = (l,cr) : X — )■ X x^ X. Then it 
induces a closed immersion 7: f/ — t- (X X5 X)"". The image T^ = 7(t/) C (X x^ X)~ is 
the schematic closure ofT^GlI Xg U. 

2. Assume that the generic fiber X^ j^ is empty and let s{Xi ,X) denote the Segre 

class ofXy^g C X. We put n = dimXx+1- Then the log Lefschetz class {{T„, A^^))(xxsX)~ 
FoG(Xj^g) is equal to the image of 

n 

{c{n'x/si^ogD)y n .(xr„g,x)}di^o = 5^(-i)v.(fiV(iogD))s„_.(xr„g,x). 

In particular, if the logarithmic fixed part X^ is a Cartier divisor of X, we have 

{{T,,A'°x')\xxsxr = {c{^],/s{^ogD)r n (1 + xr„g)-^ n [x,y}din.o. 

1. We set {XxsXf = XxsX-[j^^^.yjj^^j^_^^DiXDj. By the definition of (Xx 5 X)~, 
we have pr]^^(D,j) = \ii2^{Di) in (X Xg X)~ for every irreducible component Di of D. 
Hence (X x^ X)~ is a scheme over (X Xg X)°. By the definition of U , it is the inverse 
image of (X x^ X)° C X X5 X by the map 7 : X — )■ X x^ X. Hence its restriction 
7^ : f/ — !■ (X Xs X)° is a closed immersion. 

By the assumption that a is admissible, the map jfy: U -^ (X X5 X)'^ induces a map 
7: f/ — 7- (X Xs' X)"". Since 7^^ : f/ — )■ (X x 5 X)° is a closed immersion, the induced map 
7: f/ — )■ (X x^ X)"" is also a closed immersion. 

2. By the assumption that Xj"^ ^ is empty, the underlying set of X^ is a subset of the 
closed fiber Xp. We apply^f^S^, Corollary 3.4.6], by taking X -^ (X X5 X)~ ^ X to be 
V ^ X -^ S and Xj-^g ^ L^ ^ (X x^ X)^ to be T ^ IV ^ X in t25i Corollary 3.4.6]. 
Since Mx/(xxsX)~ = f^^/^llogD), we obtain ((X, r<^))(xxsX)~ = {c{Q\^g{\ogD))* n 

s(XjQg, ro-)}dimo- Since the open immersion Fg- — )■ X induces the identity on X^°^, we 
have s(Xi'^g,Fo-) = s{X^^^, Afj) = s{X^^^,X). Thus the assertion is proved. ■ 

Corollary 5.1.6 Assume further that a is of finite order and let i be an integer prime to 
the order of a. Then, we have ((Fq., Ay^)) = {{V„i,Ay^)). 
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Proof. Since X[ = X[' the assertion follows from Lemma [5.1.5I 2. ■ 

For isolated singular points, we have the following formula similarly as [26| Lemma 

3.4.14]. 

Proposition 5.1.7 Let X be a regular flat separated scheme of finite type over S and a 
be an automorphism of X over S . Let x & X be a closed point in the closed fiber and 
assume that the fixed part X°" is set-theoretically equal to the set {x}. 

Let f : X' ^ X be the blow-up at x and D be the exceptional divisor. Let {X' Xg X')"" 
denote the log product with respect to D and T„ C {X' x^X')'" be the proper transform of 
the graph Fq- C X x^ X of a. Then, we have 

(5.1.7.1) /,((f ,, Ax'))(x'xsX')- = PxA - W 

where [Ox^] = length Ox" ■ [x\. 

Proof. The proof is similar to that of [26| Lemma 3.4.14]. The maps g: {X' Xg 
X')~ — )■ X' Xs X' and f x f: X' Xs X' — > X Xs X are of finite tor-dimension by 
Corollary 14.2.21 Hence, by the associativity Lemmas 13.3.41 and I3.3.5[ we have {{g*{f x 
fyT„,Ax'))(x'xsX')~ = f*{(Xa,Ax))(XxsX)'-- For the right hand side, we have 

/*/*((r<7, Ax)){xxsX)~ = ((r^, Ax)){xxsX)~ = [Cx-]- 

We compute (/ x f)*T„. Take a regular immersion X — )• P of codimension 1 to 
a smooth scheme P over S and a closed subscheme C G P etale over S such that C 
intersects transversely with X at x. Let h: P' — )■ P be the blow-up at C. We consider the 
map h X f : P'xsX'^PxsX. Then, X x^ X and P' Xg X' are tor- independent over 
P Xs X. Hence, we have (/ x f)*T„ = [h x f)*T„. Since the immersion F^. — )■ P x^ X is 
a regular immersion, the excess intersection formula |25l Proposition 2.2.2] implies 



(5.1.7.2) (/ X /)T. = {hx /)T. = {c(Xr,/Pxsx)* n s{{f x f)-\V,)/P' XsX')} 



dime 



Since the inverse image (/ x /) ^(Fo-) consists of the proper transform F'^ of F^- and 
D Xf D, we have s{{f x f)-\T^)/P' XsX') = s{T'jP' x^ X') + s{D Xp D/P' XgX'). 
Since Fo- is a section of P Xg X — > X and F'^ is a section of P' X5 X' — )■ X', we have 
ciNrjPxsx)* n s(F;/P' Xs X') = c^Qp/s)* fl c(fip//s)*"^ n [F^]. Since the immersion 
D Xp D — )■ P' X5 X' is a regular immersion of codimension 2 and the conormal sheaf 
is isomorphic to pr^X/j/p/ © pr2Xpi/p/, we have c{Nr^/Pxsx)* H s{D Xp D/P' Xs X') = 
prf ^(1 + D)-^ ■ pr^^(l + D)-^[D Xp D]. Thus, the right hand side of 05.1. 7.2p is equal to 



K] + {prr'(l + D)-' ■ Pr,\l + D)-'[D Xp D]} 



dimd- 



We compute g*ifxfyT^ = g*{[T'^] + {pi^\l + D)-'-pi^\l + D)-'[DxD]}d;^d). Let 
E = g^^{D X D) C (X' XsX')^ he the inverse image. Let (P' x^X')" be the log product 
with respect to the exceptional divisors and g': (P' X5X')'" — )■ P' x^X' be the canonical 
map. Then, X' X5 X' and (P' X5 X')~ are tor-independent over P' Xg X'. Hence, the 
pull-back g* is the same as the pull-back g'* as above. The inverse image g^^{r'^) consists 
of Fct and the inverse image Ep, C P of the diagonal Ap) G D x D. Since the immersion 
F'^ — 7- P' X 5 X' is a regular immersion, by the excess intersection formula [251 Proposition 
2.2.2], we have (yf*([F'^]) = [To-] + [Pp]. Similarly by the excess intersection formula, we have 
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g*{{pT^\l+D)-^-pT^\l+D)-^[DxD]U^a) 
Thus, we obtain 



{pT^\l+D)-^-pT,\{l+D)-'-D)[E]U^,. 



g*{f X /)*[r.] - [r.] = [En] + {prr^(l + D)"' ■ pT^\{l + D)-' ■ D)[E]U^,. 

Thus, by Lemma USUI, the difference /*((r^, A|^^))xxsX - ((f^, A|^f))(x'xsX')~ is 
equal to the usual intersection product 

{En + {prr^(l + D)-' ■ pi,\{l + D)-^ ■ D)[E]}^^,, A'S')e. 

The rest of computation is the same as that in the proof of [261 Lemma 3.4.14]. ■ 

In the case X = Spec Ol for a finite separable extension L of K, we obtain the 
following. 

Corollary 5.1.8 Let L be a finite separable extension of K and a be a non-trivial auto- 
morphism of L over K. We put X = Spec Ol and let J^ C Ol be the ideal generated by 
a{a) — a for a e Ol and cr{h)/h — 1 for b E Ol and 6 7^ 0. Then, we have 

5.2 The target groups 

Let / : V ^ U he a. finite etale morphism of separated schemes of finite type over S. In this 
subsection, we define an abelian group FoG{dv/uW) and a Q-vector space FoG{dv/uW)Q 
for a separated scheme W of finite type over V. Assuming U and V are regular, for a 
finite etale scheme V over V, invariants of wild ramification oi V ^^ U will be defined 
as elements of the group FoG{dv/uV)Q in Section 15.41 Without assuming the regularity 
of U and V, the definition is extended at the end of Section 16.21 as a consequence of the 
excision formula. Theorem 16.2.21 

Let / : V ^ U he a morphism of separated schemes of finite type over S. We define a 
category Cy^u of compactifications of / : V ^ U as follows: 

• An object is a morphism /: F — )■ X of proper schemes over S such that X and Y 
contain U and V respectively as open subschemes and that the diagram 



(5.2.0.1) 



V 



u 



^ Y 



-^ X 



is commutative. 



A morphism ((7, K) : (/' : Y' — )■ X') —!■(/: F —t- X) is a pair of morphisms g: X' -^ X 
and /i : y — )■ y of schemes over S extending the identities of U and of V such that 
the diagram 



(5.2.0.2) 



Y' -^ X' 



Y -^-^ X 



is commutative. 
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Lemma 5.2.1 Let f : V ^ U be a morphism of separated schemes of finite type over S . 

1. The category Cy-^u is non-empty and filtered. 

2. If f : V ^ U is finite flat, then the objects f : Y ^ X such that the diagram fl5.2.0.ip 
is cartesian and that f are finite flat are cofinal in the category Cy^u ■ 

3. If V is a G-torsor over U for a finite group G, the objects f : Y ^ X such that the 
diagram (15.2.0. ip is cartesian, that f are finite flat and that the action of G is extended 
to an action on Y over X are cofinal in the category Cy-^u- 

Proof. 1. By Nagata's embedding theorem [30], there exists a proper scheme X over S 
containing U as an open subscheme. Further by Nagata's embedding theorem [30], there 
exists a proper scheme Y over X containing V as an open subscheme. The map F — ?■ X 
is an object of Cy^u- 

Let y — )■ X and Y' — )■ X' be objects of Cy^u- Let X" and Y" be the schematic closures 
of U and V in X Xs X' and Y XsY' respectively. Then Y" — )■ X" is an object of Cy^u 
and there exist unique maps (Y" -^ X") ^ (Y ^ X) and {Y" -> X") -^ (Y' -^ X') 

2. Let F — )■ X be an object of Cy^u. By replacing Y by the schematic closure of V, 
we may assume that the diagram (15.2.0. ip is cartesian. Then by the flattening theorem 
[34] , there exists a blow-up X' — )■ X inducing an isomorphism U Xx X' ^ U such that 
the proper transform Y' of Y is finite flat over X'. 

3. Let y — )■ X be an object of Cy^u- By replacing Y by the schematic closure of the 
diagonal image of V in the fibered product Ho-gGX^' ^^ '^^y assume that Y carries an 
action of G. Then Y' constructed in the proof of 2. also carries an action of G. ■ 

Definition 5.2.2 Let f : V ^ U be a finite etale morphism of separated schemes of finite 
type over S. For a proper scheme Y over S containing V as an open subscheme, the closed 
subscheme Y^y/uY C Y denotes the wild ramification locus defined in Definition \2.1.2\ 

1. We define an abelian group FoG{dy/uU) and a Q-vector space FQG{dy/uU)Q as the 
inverse limits: 

FoG{dy/uU) = \^ FoG{fXYy/uY)) 

(/: Y-^X)eCv^u 

FoG{dy/uU)Q = Jim {FoG{f{J:y/uY)) ®-^ Q). 

(/: Y^X)&Cv^u 

with respect to the proper push-forward maps. 

2. Let W be a separated scheme of finite type over V. We define an abelian group 
FQG{dyiuW) and a Q-vector space FQG{dy/uW)Q as the inverse limits: 

FoG{dy/uW)= hm FoG{Yy/uY Xy Z) 

{Z^Y)eCw^v 
FoG{dy/uW)Q = 1^ {FoG{Ey/uY Xy Z) ® 

{Z^Y)eCw^v 

with respect to the proper push-forward maps. 

3. Let 

U' i V i W' 

9 

U < V < w 
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be a commutative diagram, of separated schemes of finite type over S such that the left 
square is cartesian. We define maps 

g, ■ F^G{dv'/u'W') -^ F,G{dv/uW), g, : FoG{dv'/u'W% ^ FoG{dv/uW)Q 

to be the limit of the push-forward maps. 
If g is proper, we write (?* = g\- 

The properties for FQG{dv/uW) stated in the rest of this subsection hold also for 
FQG{dv/uW)Q. We leave the task to state and prove them to the reader. 

Since we assume that the covering of the generic fibers Vk — )■ Uk is tamely ramified 
with respect to K in the definition of the invariants in the next subsection, the group 
FoG^dy/u^) is generated by the classes supported on the closed fibers, in practice. The 
assumption is always satisfied if K is of characteristic 0, by Corollary 12.4.41 

For an object Z — )■ y of Cw^v, we have a canonical map 

pr^: FoG{dv/uW) ^ FoGi^v/uY Xy Z). 

For a morphism g : W — )■ W over V , we have 

g,: F,G{dv/uW') ^ F,G{dv/uW). 

Lemma 5.2.3 Let f : V ^ U be a finite Stale morphism of separated schemes of finite 
type over S and let g: W -^ W be a finite flat morphism of separated schemes of finite 
type over V . 

1. The pull-back maps induce a map 

g*: FoG{dv/uW) -^ FoG{dv/uW'). 

2. Assume thatg: W -^W is of degreen. Then, the composition g^og* : FoG^dy/uW) — )■ 
FQG{dv/uW) is the multiplication by n. 

3. Assume that W is a G-torsor over W for a finite group G. Then, the com- 
position g* o g*: F^G^dv/uW) — )■ FoGi^dv/uW) is equal to 'Yla^G^*- Consequently, 
g* : FQG{dv/uW)Q — )■ FoG{dv/uW')Q is an isomorphism to the G-fixed part. 

Proof. 1. By Lemma [5.2.11 2.. it suffices to show the following: Let {h',h): {cji: Z[ — >■ 
Zi) — > ((7: Z' — )■ Z) be a morphism in Cw'^w such that Z[ — )■ Zi and Z' ^ Z are finite 
flat and that the maps W -^ W x Zi Z[ and W — )■ W Xz Z' are isomorphisms. Then, the 
diagram 

FoGiEv/uY Xy Zi) -^ FoGiJly/uY Xy Z[) 

FoG{^v/uY Xy Z) ^^ FoG{^v/uY Xy Z') 

is commutative. 

Since the diagram is commutative ii Z[ = Z' x z Zi, we may assume h is the identity. 
Then, for a closed point z G Sy/^F Xy Z, the class g*[z] = [g~^{z)] is equal to h'^{gl[z]) = 
h'^,{[g^^ (z)]) and the assertion follows. 

2. By Lemma 15.2.11 2.. it suffices to consider objects g: Z' ^f Z oi Cw'^w such that g 
is finite fiat of degree n. Then, the assertion is clear. 
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3. Similarly as in the proof of 2, by Lemma [5.2.1I 2.. it suffices to consider finite fiat 
objects Z' — )■ Z of Cw'^w such that the G-action is extended. Then, the assertion is clear. 
■ 

Similarly, the push-forward map 

/.: FoG{dv/uV) ^ FoG{dv/uU) 

and the pull-back map 

r:FoGidv/uU)^FoGidv/uV) 

are defined. The following Lemma is proved in the same way as Lemma 15.2.31 

Lemma 5.2.4 Let f : V -^ U be a finite etale morphism of separated schemes of finite 
type over S. 

1. If f is of degree n, the composition /* o /* : FoG^dy/uU) — )■ F^G^dy/uU) is the 
multiplication by n. 

2. Assume that V is a G-torsor for a finite group G. Then, the composition f* o 
/*: FoG{dv/uV) -)■ FoG{dv/uV) is equal to J^aec'^*- Consequently, /*: FoG{dv/uU)Q -)■ 
FQG{dv/uV)Q is an isomorphism to the G-fixed part. 

Let y — !■ V^ — )• t/ be finite etale morphisms of separated schemes of finite type over S. 
Then, for a separated scheme W of finite type over V , a canonical map 

(5.2.4.1) FoG{dy/uW) ^ F^G{dv'/uW) 

is defined. Similarly, \ei V ^ U ^ U' be finite etale morphisms of separated schemes of 
finite type over S. Then, for a separated scheme W of finite type over V , a canonical map 

(5.2.4.2) F^G{dv/uW) -^ FoGidy/u'W) 

is defined. 

We introduce a variant. 

Definition 5.2.5 Let U be a separated scheme of finite type over S and Cu/s be the 
category of compactifications defined in the beginning of Section \2.3[ 

1. We define an abelian group F^Gi^dpU) and a Q-vector space FQG{dFU)Q as the 
inverse limits: 

FoG{dFU)= 1^ FoG{XxsF) 
FoGidFU)Q= Jim (FoG(XxsF)®^Q) 

with respect to the proper push-forward maps. 

2. For a morphism /: V ^ U of separated schemes of finite type over S, we define a 
map 

fr. FoGidpV) ^ FoGidpU) 

to be the limit of the push-forward maps. 
If f is proper, we write f^ = f\. 

Let f : V ^ U he a finite etale morphism of separated schemes of finite type over S 
such that the generic fiber fx'- Vk ^ Uk is tamely ramified with respect to K. Then, 
set-theortical inclusions Sy/c/l^ C Yp define a canonical map 

(5.2.5.1) F,G{dv/uV) ^ F^GidpVK). 
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5.3 Definition of invariants of wild ramification 

In this subsection, we define invariants of wild ramification without considering a regular 
compactification. First, we recall the existence of an alteration. 

Lemma 5.3.1 ([4, Theorem 6.5]) Let X he a flat separated scheme of finite type over 
S = Spec Ok and U G X be a dense open subscheme. Then, there exist a scheme Z over 
S and a morphism h: Z ^- X over S satisfying the following conditions: 

(15.3.11 1) The scheme Z is regular flat separated of finite type over S and W = h^^{U) is the 
complement of a divisor D with simple normal crossings. 

(15.3.11 2) The morphism h : Z ^ X is proper, surjective and generically finite. 

We give some sufficient conditions for simultaneous good alterations for a scheme Y 
and for a weakly semi-stable scheme Y' over Y . 

Corollary 5.3.2 Let Y be a flat separated scheme of finite type over S and V G Y be 
a dense open subscheme. Let Y' ^ Y be a weakly semi-stable scheme such that the base 
change Yy = Y' XyV is smooth over V. We assume that either of the following conditions 
is satisfied: 

(153:21 1a) Y' ^Y is a curve. 

(15.3.21 lb) There exist a morphism g: Z ^ Y of schemes over S satisfying the conditions 
(15.3. 1[ 1) and (15.3.11 2) with X and h replaced by Y and g and a log blow-up Z' -^ 
Y' Xy Z inducing an isomorphism Z' Xz W — > Y' Xy W . Further, Z' ^^ Z is 
weakly strictly semi-stable and satisfies the condition (11.2.31 1) with X — )■ S* replaced 
by Z' -^ Z. 

Then, there exist a regular flat scheme Z over S, a proper surjective and generically 
finite morphism g: Z —^ Y and a log blow-up Z' — ?► Y' Xy Z satisfying the following 
conditions: The inverse image W = g~^{V) is the complement of a divisor Dz with 
simple normal crossings, the induced map Z' Xz W — )■ Y' Xy W is an isomorphism, 
the map Z' ^ Z is weakly strictly semi-stable, the scheme Z' is regular and the divisor 
Z' Xz Dz has simple normal crossings. 

Proof. First, we consider the case where Y' is a curve over Y . By Lemma [5.3.11 there 
exist a regular flat scheme Z over S", a proper surjective and generically finite morphism 
g: Z ^-Y such that inverse image W = g^^iV) is the complement of a divisor Dz with 
simple normal crossings. By replcing Z if necessary, we may assume that the base change 
Y' Xy Z ^ Z satisfies the condition (ll.l.4[ l). Then, it suffices to apply Lemmas 1 1 . 1 . 41 and 

021 

If (I5.3.2[ lb) is satisfied, it suffices to apply Lemma [1.2.31 ■ 

Corollary 5.3.3 Let f : V ^ U be a proper, surjective and generically finite morphism 
of separated schemes of finite type over S. Let Y be a proper scheme over S containing V 
as a dense open subscheme. 
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1. There exist a cartesian diagram 



Y <- 



-^ X 



(5.3.3.1) 



V <- 



W 



-^ u 



of separated schemes of finite type over S satisfying the following conditions: 



(15.3.3. lb ) The scheme Z is regular and flat over S and W is the complement of a divisor D 
with simple normal crossings. 



(15.3.3.1b ) The morphisms g and h are proper, surjective and generically finite. We have h 
f °9- 



(15.3.3.1b ) The scheme X is proper over S and contains U as the complement of a Cartier 
divisor B. 



2. Let 



Y <- 



V <- 



Z' 



w 



-> X' 



-^ u 



he another cartesian diagram of separated schemes of finite type over S satisfying the 
corresponding conditions. Then, there exists a cartesian diagram 



Z <- 



(5.3.3.2) 



W <- 



Z" 

u 
W" 



-> Z' 



-> w 



of separated schemes of finite type over S satisfying the following conditions: 



(15.3.3.2b .) The scheme Z" is regular and flat over S and W" is the complement of a divisor D" 
with simple normal crossings. 



(15.3.3.2b ) The horizontal arrows are proper, surjective and generically finite. We have g ok 
g' o k' and hok = h' ok' . 



Proof. 1. By Nagata's embedding theorem [30], there exists a proper scheme X over 
S containing U as an open subscheme. By replacing X by a blow-up at the complement 
X \U ii necessary, we may assume ^ C X is the complement of a Cartier divisor B. 
By replacing Y by the closure of the graph Fj C X x^ F, we may assume there exists 
a morphism /: F — >■ X such that f~^{U) = V and f\v = f ■ Then, it suffices to apply 
Lemma [5.3. II to the open immersion V -^Y . 

2. It suffices to apply Lemma [5.3.11 to the open immersion W Xy W — )■ VT Xy W' C 
ZxsZ'. ■ 
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Proposition 5.3.4 Let f : V ^ U be a finite Stale morphism of regular flat separated 
schemes of finite type over S and d = dimUK + 1- Let Y be a flat separated scheme of 
finite type over S containing V as an open subscheme and letV = {Di)i^j be a finite family 
of Cartier divisors ofY satisfying V = Y\[j^^j Di and Yj^jjjYk = 0- Let A-p C {Y XsY)'^ 

denote the closure {V XuV \ Ay). 

We consider a cartesian diagram (15.3.3. ip satisfying the conditions fl5.3.3.1b .)- fl5.3.3.1b ). 
Let {Z Xx Z)~ C {Z Xs Z)~ be the log products defined by the family {Dj)j of irreducible 
components of the complement Z\W and by B G X (15.3.3. lb ). Let A C {Z XsZ)"" denote 
the intersection {g x g) H^i') ^{Z Xx Z)^ . 

Then, there exists a unique map 

(( , A'°^)) : G{W XuW\W XyW) > GiT.'^f^Y Xy Z) 

that makes the diagram 

(5.3.4.1) G{W XuW\W XyW) '1_AJ1 ^ ^(S^/^y Xy Z) 




commutative. Further, the map (( , A^°s)): G{W XuW\W XyW) ^ Gi^v/u^ ^y ^) 
preserves the topological filtrations in the sense that it maps FqG{W XuW\W Xy W) to 
F.^dGiT.'^/^YxYZ). 



Proof. We show that the conditions (A) in Definition 14.3.11 and (B) in Proposition 14.3.41 
are satisfied. By the assumption that the generic fiber of Yj^ijjY = A^i H Ay^ is empty, 

the intersection AnA^^ C ((? x g)^^^(Ax> fl Ay^) is supported on the closed fiber. Hence, 
the condition (A) in Definition 14.3.11 is satisfied and the map (( , A^^))(^xsZ)~ : G{A) — )■ 
G(S^/^FxyZ) is defined. 

Let {Dj)j be the irreducible components oi Z \W and we put h*B = ^ . IjDj. Since 
W = h~^{U), we have Ij > for each irreducible component Dj. By Lemma [1.3.11 2. the 
intersection A fl GmD'. C {Z Xx Z)'" fl GmD'. is a closed subscheme of /x;. c, for each 
irreducible component D'-. Hence the condition (B) in Proposition 14.3.41 is also satisfied. 
Since the intersection A° = An (W XuW) is equal to W XuW\W XyW, there exists a 
unique map (( , A^^^)) : G{W XuW\W XyW)-^ GiT.'^/^Y Xy Z) making the diagram 
(I5.3.4.ip commutative by Proposition 14.3.41 

It follows from [25, Theorem 3.4.3] that the map preserves the topological filtrations. 
■ 

Let / : y — 7- f/ be a finite etale morphism of regular separated schemes of finite type 
over 5* and V be a finite etale scheme over V. We put d = dim Uk + 1- Then, we identify 
Gt^G{V'xuV'\V'xvV') with the free abelian group Z\V' XuV'\V' XyV) generated by 
the irreducible components oiV'xuV'\V'xv V. For a morphism g': W ^ V oi regular 
schemes of finite type over S, the pull-back map {g x g)* : Z^{V' XijV'\V' Xy V) — )■ 
Gr^G{W XuW\WxvW)hjg'xg':WxsW^V' Xs V is defined by Corollary S^Sl 
and Lemma 13.1.41 
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Theorem 5.3.5 Let f : V -^ U be a finite etale morphism of regular separated schemes of 
finite type over S = Spec Ok and Y be an object ofCy/s- Assume that T^v/uYk (Definition 
I2.1.2I 1 ) is empty. Then, for a finite etale scheme V over V and for an object Y' ^ Y of 
Cv'^v, there exists a unique map 



(15331) 



{{,A'^f)):Z'^{V'xuV'\V'xyV') 



-> FoGi^v/uYxyY' 



satisfying the following property: 

Let V be a finite family of Cartier divisors of Y such that Sy/^F = J]y,fjY and let 



Y' <- 



-^ X 



(5.3.5.2) 



V <- 



W 



■^ U 



be a cartesian diagram of separated schemes of finite type over S satisfying the conditions 
(15.3. 3. lb ). (15.3.3.1b ) with Y and V replaced by Y' and V and (15.3.3.1b ). Assume that 
g' is generically of constant degree [W : V']. Let {g' x g')*: Z^{V' Xu V \ V Xy V) — )■ 
Gr^G{WxuW\WxvW) denote the pull-back by the map g' x g' : W XgW ^V XsV. 
Then, the diagram 



(5.3.5.3) 



Z'^iV XuV'\V' XyV) 
{g'xg'r 

Gr^G{W Xu W \W Xy W) 



(( ,A^f)) 



> FoG{J:v/uYxyY' 



[W:V' 



ttS. 



(( ,Al°")) 



> FoG{^^/^Y Xy Z) 



is commutative. 



Proof. By Corollary 15.3.31 1.. there exists a diagram (I5.3.5.2p satisfying the conditions. 
Thus, it suffices to show that the composition of the lower maps in the diagram (I5.3.5.3P 
is independent of the choice of a diagram (15.3.5.21) . 

We consider another cartesian diagram. By Corollary 15.3.31 2. we may assume that 
there exists a map h: Z' ^ Z oi constant degree over Y'. Then, the assertion follows from 
Lemma 113212. ■ 

Corollary 5.3.6 Let f : V ^ U be a finite etale morphism of regular separated schemes 
of finite type over S such that Vk — >■ Uk is tamely ramified with respect to Vk — >■ Spec K . 
Then, for a finite etale scheme V over V, the family of maps (( , Ayf)) for objects Y' ^ Y 
of Cv'^v such that T^v/uYr = defines a map 



(5.3.6.1) 



{{ ,Av')y''^: Z%V' XuV'\V' XyV) 



-> FoGidv/uV) 



Proof. It suffices to show that, for a morphism {h, h') : {Y' — )■ F) — ;■ (Y/ — )■ Yi) of 
Cyi^Vi the diagram 



Z\V' XuV'\V' XyV) 



{( ,A^f)) 



(( ,A'°f)) 



F^G{^v/uY XyY'\ 
FoG{T.v/uYi Xy, YD 
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is commutative, since the category Cy^v is filtered. We consider a cartesian diagram 
fl5.3.5[ 2) satisfying the condition in Theorem I5.3.5I Then the assertion follows from the 
commutative diagram fl5.3.5[ 3) and {hog)^ = h^^og^. ■ 

We call the map fl5.3.6.ip the logarithmic localized intersection product with the diag- 
onal. Since we assume that Vk —> Uk is tamely ramified with respect to Vk — ?■ Spec K, 
the target group -foG^(f^y/c/^')iQ is generated by the classes supported on the closed fibers. 
The assumption is always satisfied if K is of characteristic 0, by Corollary 12.4.41 

Let y — )■ y be an object of Cy^v- Assume that Y' is regular and V C Y' is the 
complement of a divisor with simple normal crossing. Assume further that there exist 
a proper scheme X over S containing U as the complement of a Cartier divisor and a 
morphism y — ;■ X extending V -^ U . Then, by taking Z = Y', we see that the diagram 

Z\V'xuV'\V'xvV') ^^ '^"'^^'") FoGidv/uV')Q 



(5.3.6.2) (( ,A^g)) 



pry/ 



FoG{j:v/uY') > FoG{j:v/uY% 

is commutative. Consequently, if we admit resolution of singularities or if we assume 
dimYft- < 1, we do not need to introduce denominator and a map 

(5.3.6.3) (( , Av')f^^: Z\V' Xu V \V' Xy V) ^ FoG{dv/uV') 

is defined as the limit of (( , Ayf )). 

Let / : y — 7- f/ be a finite etale morphism of smooth separated schemes of finite type 
over F and V be a finite etale scheme over V. Then, similarly as above, slightly refining 
p6| Theorem 3.2.3], we define a map 

(5.3.6.4) ( , AvY"^ : Z\V' XuV'\VxuV) > GHo{dv/uV%. 

We introduce a variant of the map (15.3.6. ip assuming K is of characteristic 0. This 
variant is defined without removing the diagonal Ay G V Xjj V. 

Theorem 5.3.7 Assume K is of characteristic 0. Let V -^ U be a finite etale morphism 
of smooth separated schemes of finite type over S and Y be an object ofCy/s- Then, there 
exists a unique map 



dM^l) ii,A'°^)):Z\VxuV) > FoG{YxsF\ 



satisfying the following property: 

We consider a cartesian diagram (15.3.3. ip satisfying the conditions (15.3.3.1b ) - (15.3.3.1b ) . 
Let (gxg)*: Z^{V XuV) -> Gr^G{W XuW) denote the pull-back by the map gxg: W Xs 
W ^V XsV. Then, there exists a map (( , A'°§)): Gr^G{W Xu W) -^ FqG{Z Xs F) 
that makes the diagram 

(5.3.7.2) Z\V Xu V) ^:^l!^FoG(r x^ F)q 



{gy-g)* 



[W:V\3* 



Gr^G{W XuW) ^^ '^^'" ^ FqG{Z XgF) 



1( ,A^°"))(zxsZ)^ 



Gt^,G{{Z XX ZY) 
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commutative. 

By the assumption that K is of characteristic 0, in the notation of the proof of Propo- 
sition [5331 the generic fiber Zk is smooth over K and the log product {Z Xx Z)"" C 
{Z Xs 2')~ satisfies the condition (A) in Definition 14.3.11 with X replaced by Z. Except 
this remark, the proof is the same as that of Theorem 15.3.51 and is left to the reader. 
Similarly as Corollary I5.3.6[ the log localized intersection product with the diagonal is 
defined as follows. 

Corollary 5.3.8 Assume K is of characteristic 0. Let V ^ U be a finite Stale morphism 
of smooth separated schemes of finite type over S . Then, the family of maps (( , Ay^)) for 
Cv/s defines a map 

(5.3.8.1) (( ,Ay))i°S: Z\VxuV) > F^G{dFV)Q. 

We keep assuming that K is of characteristic and let /: l^ — )■ f/ be a finite etale 
morphism of regular flat separated schemes of finite type over 5*. Then, the maps fl5.3.6.ip 
and (15.3.8.11) are compatible in the sense that the diagram 



Z%VxuV\^v) A^^^ FoG{dv/uV)^ 



(5.3.8.2) 



J5.2.5.1t 



Z\VxuV) 



(( ,Av))'°s 



> FoGidpV), 



is commutative. 



5.4 Elementary properties of the invariants of wild ramification 

The map (15.3.6.11) has the following compatibility. 

Proposition 5.4.1 Let f : V -^ U be a finite etale morphism of regular schemes over S 
such that the generic fiber Vk — > Uk is tamely ramified with respect to K . Let V be a 
finite etale scheme over V . 

1. For a finite etale morphism g: V" — )■ V , the diagram 

Z'{V'xuV'\V'xyV') AA-li:!; FoG{dv/uV% 

{gxg}* 

(5.4.1.1) Z'>{V"xuV"\V"xyV") ^^ '^^"^^'°') FoGidv/uV" 



\5.2.4.h 



Z\V" XuV"\V" Xv'V") 



(( ,A^„))'°^ 



> FoG{dv'/uV" 



/UV JQ 



is commutative. 

2. For a finite etale morphism U — t- U' , the diagram 



(5.4.1.2) 



Z\V'xuV'\V'xyV') SL^XLtl^ FoG{dv/uV% 

{5:24:^ 



Z\V' Xu'V'\V' XyV) 



(( Av')f°^ 



> FQG{dv/u'V% 
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is commutative. 

Proof. We show the commutativity of the upper square of (15.4. 1.11) . By Lemma l5.2.3[ 2.. 
the map g* is injective. Hence, by replacing V" if necessary, we may assume V" is a G- 
torsor over V for a finite group G. By the definition of the map f l5.3.6.ip . the square with 
the arrow g* replaced by 16*1^^(7* going the other way is commutative. Since the images 
are in the G-fixed part, the assertion follows from Lemma r5.2.3l 3. 

The rest is clear from the definition. ■ 

We show a compatibility with tame base change. 

Corollary 5.4.2 Let f : V ^ U be a finite etale m,orphism of regular schemes over S 
such that the generic fiber Vk — )■ Uk is tamely ramified with respect to K . Let g: U' ^ U 
be a finite etale morphism of regular schemes over S, V G V XuU' be an open and closed 
subscheme and g' : V ^ V denote the projection. 

Then, if g: U' ^ U is tamely ramified with respect to S , the diagram 

Z%VxuV\Av) SL^}^ FoGidv/uV)Q 
(5.4.2.1) (a'xg'r 

Z\V' x^, V \ Ay,) '-'' '^-'»'°^ FoG{dy/uV') 



^V/UV )Q 



is commutative. 



Proof. By Proposition 15. 4. 1[ 1.. the diagram (15.4.2.11) with Z°(V Xij/ V'\Ay,) replaced 
by Z^{V' Xjj V \V' Xy V) is commutative. By the assumption V C V Xu U', we 
have {V Xu' V) r\ {V Xy V) = Ay,. Hence, we have Z%V' XuV'\V' XyV) = 
Z%V' Xu,V'\ Ay,) © Z%V' XuV'\ {{V Xu, V) U{V' Xy V')). By the assumption that 
g: [/'—)■ t/ is tamely ramified with respect to S and by Proposition 15.4. 11 2. the restriction 
of the map (( , Ay))'"^ to Z^{V' Xu V \ V Xu, V) factors through FoG{du'/uV% = 0. 
Hence the assertion follows. ■ 

In the case where K is of characteristic 0, the variant defined in Theorem 15.3.71 and 
Corollary 15.3.81 satisfies properties analogous to Proposition 15.4.11 and Corollary 15.4.21 We 
leave the task to state and prove them to the reader. 

The logarithmic different and the logarithmic Lefschetz class are defined without as- 
suming the existence of a regular model. 

Definition 5.4.3 Let f : V ^ U be a finite etale morphism of regular flat separated 
schemes of finite type over S such that the generic fiber Vk -^ Uk is tamely ramified 
with respect to K. 
1. We call 

K/U = iiyXuV\ Ay, Av))'°^ e FoGidy/uV)Q 

the logarithmic different ofV over U. We call 

dv/u = K/u e F,G{dyiuU)Q 
the logarithmic discriminant ofV over U . 
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2. Let a be an automorphism ofV over U such that the fixed part V" is empty and let 
T^ C V XijV be the graph of a. We call 

iiT^,Av)y°^eFoG{dv/uV)Q 

the logarithmic Lefschetz class. 

The log different satisfies a chain rule. For a Galois covering, the logarithmic different 
is the sum of Lefschetz classes. 

Lemma 5.4.4 Let f : V ^ U be a finite etale morphism of regular flat separated schemes 
of finite type over S such that the generic fiber Vk — )■ Uk is tamely ramified with respect 
to K. 

1. Let U' be a finite etale scheme over U such that the generic fiber U'j^ — ?■ Uk is tamely 
ramified with respect to K and let g: V ^^ U' be a finite etale morphism over U. Then, 
we have 

2. Assume that V is a G-torsor for a finite group G. Then we have 
(5.4.4.2) d;^^= J2 ((r.,Av))'°^- 

3. Assume that V is a G-torsor for a finite group G. Let N G G be a normal 
subgroup of G and let g: V -^ V be the corresponding N-torsor. Then, for an element 
a' eG' = G/N, ^1, we have 



/((r.,,AyO)'°^= E ((r.,Av))'°^- 



TeG 



CTkzLr,a\-^a 



Proof 1. It follows from VxuV\Av = {gx g)-\U' XuU'\ Av) U{Vxu'V\ Ay) 
and Proposition 15 .4. ll 1 . 

2. Clear from V^ x^ V \ Ay = U.^g, a^i T^- 

3. It follows from {g x g)^^{T„i) = Yiay-^a' -'^o- ^^^ Proposition 15. 4. 1[ 1. ■ 

Corollary 5.4.5 Let the notation be as in Lemma [5.4.41 1. Let /': U' ^ U denote the 
morphism and assume that the map g: V ^ U' is of constant degree [V : U'] . Then, we 
have 

(5.4.5.1) <J^ = /,'<;^, + [V : U'] ■ 4°f/^ 

Proof. It suffices to take the push-forward of (15.4.4. ip and apply Lemma [5.2.4[ 2. ■ 

Conjecture 5.4.6 Let f : U ^ V be a finite etale morphism of regular flat separated 
schemes of finite type over S such that the generic fiber Vk — )■ Uk is tamely ramified with 
respect to K . Let a be an automorphism ofV over U such that the fixed part V" is empty. 
Then, for an integer i prime to the order of a, we have 

((r.,Ay))i°^ = ((r..,Ay))^°s. 

By Corollary 15. 1.6[ Conjecture 15.4.61 holds if dim V^ < 1. 
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6 Formulas for invariants of wild ramification 

In this section, we establish formulas for the invariants of wild ramification defined in the 
previous section. We state and prove the results for the map fl5.3.6.ip . However, they also 
hold for the map f l5.3.6.4p . We leave the proof for the latter to the reader. 

We prove an excision formula and a blow-up formula in Section 16.21 We establish some 
preliminary formulas in Section 16.11 In Section 16. 3[ we prove a formula for some semi- 
stable families applying the log Lefschetz trace formula Theorem 11.4.61 which will play a 
crucial role in the proof of the conductor formula. 

6.1 Divisors and projective space bundles 

The results in this subsection will be used in the proof of the blow-up formula and of 
the excision formula in the next subsection. In Propositions 16.1.11 and I6.1.3[ we compute 
the log localized intersection product of some classes supported on the inverse image of 
a divisor. In Proposition 16.1.41 and Lemma I6.1.5[ we give formulas for a projective space 
bundle. 

We keep the notation that f : V ^ U denotes a finite etale morphism of regular flat 
separated schemes of finite type over S and d = dim Vk + I and the assumption that the 
generic fiber Vk -^ Uk is tamely ramified with respect to K (Definition 12.4. ip . except the 
following case explicitly stated: We give a corresponding formula for finite etale morphism 
/ : V ^ U oi smooth separated schemes of finite type over F. In the latter case, the proof 
is similar and easier and will be omitted. 

We slightly generalize the definition of the map (15.3.6. ip to state Proposition 16.1.11 
We consider a cartesian diagram 



V — ^ U 



(6.1.0.1) 



h 



Vo -^ f/o 



of regular flat separated schemes of finite type over S where the horizontal arrows are 
finite etale. We assume that the generic fiber Jq^k '■ Vq^k — ^ Uo,k is tamely ramified with 
respect to K. Then, similarly as (I5.3.6.ip . we define a map 

(6.1.0.2) (( ,Ay))'°S: Gt^G{V Xu,V\Vxy^ V) > FoGidv,/UoV)Q. 

If the map h: V^ — )• Vq is proper and birational, the diagram 

Gr^G{Vxu,V\Vxy^V) " '^""'°') FoG{dv,/UoV)Q 



(6.1.0.3) (9xc,r 



g* 



Gr^G(K. y<UoVo\ Avi) Al^^^ FoGidy./UoVo) 



is commutative. 



Proposition 6.1.1 Let f : V ^ U be a finite etale morphism of regular flat separated 
schemes of finite type over S and d = dirnVft- + 1. Suppose that we have a cartesian 
diagram (I6.1.0.ip such that Vq^k -^ Uq^k is tamely ramified with respect to K . 
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Let Ui G U be a regular divisor and i: Ui — )■ U denote the immersion. We put 
Vi = VxuUi. Then, for Ti G Gt^G{Vi ^Uo ^i \ ^i ^vb ^i); we have 



(6.1.1.1) ((ri,Ay)) 



in FQG{dvo/UoV)Q- 



log _ ) -^*((ri ■ ci(pr;iVc;,/c/), Av.J)i°s z/ Vi = \/i,;, 
-z,(ri • ci{wlNu,/u), AvT^ if Vi = Vi,F 



Proof. We take a coinpactification Yq of Vq and a finite family Pq of Cartier divisors 
such that '^y^iu ^o = ^Vo/t/o^o- Let y — > Fq be an object of Cv-^Vo and let Fi C F be the 
closure of Vi. By replacing Y by the blow-up at Yi if necessary, we may assume Yi is a 
divisor of F. We may also assume that the pull-back of Pq defines a family V of Cartier 
divisors of Y . Applying Corollary 15.3.31 1. we take a cartesian diagram (15.3.3. ip satisfying 
the conditions (I5.3.3.1b )- (l5.3.3.1b ) such that the map F — )■ Vq is extended to F — )■ Yq. 
Let g*Vi = J2j ^j^j be the decomposition by irreducible components and let Zj denote 
the closure of Wj. Replacing Z if necessary, we may assume that ^ . Zj has simple normal 
crossings and meets D = Z \W transversely. 

Let {Y XsY)'" be the log product with respect to the pull-back V of Vq and {Z XgZ)^ 
be the log product with respect to the divisor D with simple normal crossings. We consider 
the map {g x g)^ : [Z XsZ)"' — )■ {Y x^F)'" and its restriction gx g: W y.sW ^V XsV. 
For an irreducible component Zj, let ij : Zj ^ Z be the closed immersion and (jj : Zj — )• Fi 
be the restrictions oi g\ Z ^ Y. Let gj : Wj = W H Zj — )■ Vi be the restriction of (jj. The 
intersection Dj = Zj Ci D is a divisor with simple normal crossing. 

Let {Zi Xs Zj)^ denote the fiber product (Zj Xg Zj) Xzy^gZ {Z Xs Z)^ . Define {gi x 
gjY : Gi^G{Vi xc/o Vi \ViXv, Vi) -^ Gi^G{W, Xu, Wj \WiXv^ Wj) as the pull-back by 
gi X gj-. Wi Xs Wj — )■ Vi XsVi. Then, by Corollary 14. 2.4I 1. we obtain 

(6.1.1.2) {g X g)*ir,) = ^e,e, ■ {g, x g^)*{r,) 

in Gt^G{Wi Xu, Wi \ Wi xy„ W,). 

Let Aq C (Fq X5 Yq)^^ be the closure of Vq Xjj^ Vo\ Ay^ and let A C {Z Xs Z)~ 
be the intersection of the pull-back of Aq with {Z Xx Z)^. For each i,j, we put A^ = 
A n {Z, Xs Zj)-- C (Z Xx Z)^. We have A^iyV XsW) = iyV Xu^ W) \ {W Xy, W) 
and Aij n {Wi Xs Wj) = (Wi Xy, Wj) \ {Wi Xuo Wj). We take F^^- e GrjG(X) lifting 
{gi X gj)*{Ti). Then, by (I6.1.1.2|) . we have 

(6.1.1.3) ((Fi, A^s)) = — i— J2 e.e, ■ ^*((r.„ A'|^))(^,,^)^. 

^ ' -' id 

We continue the proof assuming Ui = Ui^k- The proof of the other case Ui = Ui^p is 
similar and left to the reader. Let Iz C Oz be the invertible ideal defining Zj C Z. For 
each i,j, we show 

(6.1.1.4) 9*{(^^j^ A^z^))izxszr = ~9*^^* (((Ln, A^f ))(z^xsz,)~ ■ ci{Iz, 



in FoG'(Svo/t/oFo Xy^ Y)q. li i = j, the equality (I6.1.1.4p follows from Lemma 14.3.61 1. (In 
the case f/i = f/i,F, we apply Lemma 14.3.61 2.) 
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We assume Zi ^ Zj. We put Zij = Zi^z Zj. Then, the immersions {Z.i Xg Zj)^ — )■ 
(Z X5 Z)"" and iij-. Z^j — )■ Z are regular immersions of codimension 2. Hence by Lemma 
13.3.21 we obtain ((1^^, A^^^))(^xsZ)~ = iij*{{^iji ^^zl))(z^>^sZjr ■ For the right hand side of 
(EXLlD, we have 

The push-forward map gij^: FqG{'Lvo/Uo^o Xyo %) ~^ FqG{T.Vo/Uo^o Xyo ^)q defined by 
cjij : Zjj — 7- y is the zero-map unless the image g{Zij) is of codimension 2 in Y, similarly as 
Lemma r4.3.2[ 2. Hence, we may assume that cji: Zi ^ Y\ and Qj: Zj — )■ Y\ are generically 
finite and that they map the divisor Zij to a closed subscheme of Y of codimension 1. In 
fact, if otherwise, the both sides of f l6.1.1.4p are zero. 

By Corollary 15.3.31 2. there exist an alteration Z'^ of Yx and proper surjective and 
generically finite maps /ij : Z'^^r Zi and hj : Z'^ — )■ Zj such that QiO hi = cjj o hj . Further 
there exists a divisor Z^j of Z[ such that the restrictions of hi and hj give the same 
surjection hij-. Z[j — )■ Zij. Then, by Lemma [4.3. 2[ 2.. ((Fj^, A^^.))(^.x3Zj)~ is the push- 
forward 

hij^{{{h, X hjY^V.j, ^^°f))(z[xsz[r = hijMihi x hj)^*Tij,A^^f))(^z[xsZir,Zij)z[ 

divided by [Z'^j : %]. Similarly ((F^i, A^^f))(z,xsZ,)~ " ^li^z,) = {i{Tii,A^°f)),Zij)z, is also 
the push-forward 

hijMhi X /ii)~Tii,A5f))(^/xsz;)-,^-j)z( 

divided by [Z'^j : Zjj]. Similarly as Proposition l4.3.4[ we have {{(hiXhj)^*Tij, A^f))(^z[xsZ[)~ 
{{(hi X hiy*rii, A°f))(^z[xsZ[)~ ■ Thus, the equality f l6.1.1.4p is proved. 
Therefore, the sum in the right hand side of f l6.1.1.3p is equal to 

(6.1.1.5) -^Ci-U [9U{Tii ■ Y.J ejCi(pr*X^J, A^f ))(^^xsZ,)~) • 

i 

If Zi — 7- Yi is not surjective, the push-forward gi^ is the zero-map. We put \Wi : \4] = 
in this case. We consider Zj generically finite over Yi. Since g*Vi = ^ . CjWj as a divisor, 
the restriction J2j ^j(^ii^Zj)\wi is equal to ci{Nvi/v)- Similarly as Proposition I4.3.4[ the 
content of paranthese in fl6.1.1.5p is 

[W.: V,] ■ ((Fi • c,{p4Nv,/v),K^)) = [W,: V,] ■ {{T, ■ c,{p4Nv,/v),A'°^)). 

Thus, it suffices to substitute J2i^i[^i '■ ^1] — [^ • ^]- * 

We consider a regular divisor Ui C U as in Proposition 16. l.ll Let {U Xu f/)~ denote 
the log product with respect to Ui. It is the union of U with E = Gm,Ui meeting at 
f/i. It is canonically identified with the fiber product {U X5 [/)~ x^/xgLf Au- The closed 
subscheme E = Gm,Ui <^ {U XjjU)^ is the inverse image of f/i C f/ = Au by the canonical 
map {U xu f/)~ -^ U, as in Lemma OHl. Let {V Xu V)^ = {V Xu V) Xu {U Xu U)^ 
denote the log product with respect to Vi = V Xjj Ui. Then, we define the localized log 
intersection product 

(6.1.2.1) {{,Ay)r^:Gi^,G{{V XuVr\{AvXu{U XuUr)) v F,G{dy,uV)Q 
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similarly as follows, in order to state Proposition 16.1.31 

We consider a commutative diagram (15.3.3. ip satisfying the conditions fl5.3.3.1b )- 
(15. 3. 3. lb ). Let Yi C Y denote the closure of Vi and Vi denote the restriction of V. 
By replacing Y by the blow-up at Yi if necessary, we assume Yi is a divisor of Y. We 
also assume that not only W = g'^iV) but also Wq = g^^{V \Vi) is the complement of a 
divisor D' D D oi Z with simple normal crossings. 

We consider the log products {Y x^F)"" with respect to the union V oiT> with Yi and 
{Z Xs Z)^ with respect to D'. Let {g x g)~ : {Z Xs Z)^ -> (Y XsY)^ be the induced map 
and {g x g)^* : {W Xs W)'" — )■ {V Xs V)'" be the restriction. We define a closed subset 
Ac (FxcjF)^ tobetheclosureof (Fx{;\/)~\(Av'X{;(f/xc/f/)~) c {VxsVy and put 
Az = {gxgy-\A)r]{ZxxZy. For T e Gr^G{{V XuV)^\IAvXu{U XuUy)), we take 
an element T e Gt^G{Az) lifting the pull-back [g x c/)~*(r) by {g x g)-*: {W XgW)^ -^ 
{V Xs Vy. Then, ((L, A^^)) is defined as ^.((f, A^^))^^^^^^^ divided by [Z : Y]. The 
map (I6.1.2.ip is defined as the projective limit. 

For the pull-back q* by the projection q: {V Xs V)^ -^ V XsV, the diagram 

Gi^G{V XuV\Ay) " '^"^^'°'> FoG{dv/uV)Q 

(6.1.2.2) g* 

Gr^G'((\/ xu Vr \ (Ay x^ {U xu U)-)) Aj^x}}^ FoGidv/uV)Q 
is commutative. 

Proposition 6.1.3 Let f : V -^ U be a finite Stale morphism of regular flat separated 
schemes of finite type over S and d = dim Vk + I- We assume that Vk -^ Uk is tamely 
ramified with respect to K . 

Let Ui C U be a regular divisor and i: f/i — > f/ denote the immersion. Let {V Xg V)^ 
be the log product with respect to the Cartier divisor Vi = V Xu Ui of V . Let qi\ E = 
Gm,Ui ~^ Ui be the projection and qi: E Xjj^ {Vi Xui Vi) — )■ Vi X(7^ Vi also denote the base 
change. We regard E Xu-^ (Vi Xjj^ Vi) as a closed subscheme of (V Xg V)^ as above. 

Then, for Fi G Gr^_iG{Vi Xjj^ Vi\ AyJ, the product (I6.1.2.ip satisfies 

(.1,3,1) (Mr..A„,)-J-«^'f.f ^^;;-;;« 

24Fi, AvJ'°s if Vi = Vi^F 



m 



FoG((9y/t/V)Q. 



Proof. We keep the notation in the definition of (I6.1.2.ip above. We put g*Vi = 
J2j£j^j^j- ^^^ 6^ch irreducible component Wj, let Zj be the closure, ij-. Zj -^ Z he the 
closed immersion and (jj : Zj — )■ Yi be the restrictions oi g: Z ^ Y. Let gj : Wj — )■ Vi be 
the restriction of cjj. Let Vz = {Dk)kei aiid V'z = {Dk)kei' be the families of irreducible 
components oi D = Z \W C D' = Z \ Wq indexed by / C /' = / LI J respectively. 

For j G J, let {Zj Xs Zj)^ and {Zj Xs Zj)'"' be the log product with respect to the 
families Vj = {DkP^Zj)k£i and Vj = {DknZj)kei'^Dk^Zj respectively. Let Ej C {Z XsZ)^ 
denote the inverse image of Zj G Z hj either of the projections {Z XsZ)^ — ?► Z. Then, the 
canonical map {Zj XgZj)^' — )■ {Zj XgZj)^ is of finite tor-dimension by Corollary 14. 2. 21 and 
Ej is fiat over {ZjXgZj)^' by Lemma ri.3.1[ Hence, the canonical map qj : Ej — )■ {ZjXgZj)^ 
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is of finite tor-dimension. Let qj : E° -^ Wj Xs Wj be the base change of Qj. We consider 
the commutative diagram 

E, = {V Xs Vy Xy^^y {V, Xs V,) < E° -^ E, 



91 



Qj 



% 



V.XsV, <^i^ Wj Xs W, -^ {Z, Xs Z^r 

where the right horizontal arrows are open immersions. 

Let {gj X gj)*: Gt^_,G{Vi Xu, Vi \ AyJ ^ Gt^_,G{Wj Xu, Wj \Wj X y^ Wj) denote 
the pull-back by gj x g^ : Wj Xs Wj -> Vi Xs Vi. Then, by Corollary 14. 2.4I 2. we obtain 

(6.1.3.2) {g X griqlT,) = J]e, • q*{g, x g^YiT,) 

j 

in Gt^G{{W, Xu, W,r \ {W, xy, W,)-). 

Let Ax) C {Y Xs F)^ be the closure oi V XuV\Ay and let A C {Z Xs Zy be the 
intersection of the pull-back of Ax> with [Z Xx Z)"" as in Proposition 15.3.41 For each Zj, 
let Aj C {Zj Xs Zj)^ be the intersection of the pull-back of A with {Zj Xx Zj)"" . We have 

Ani^WXsW)-- ={WXyW)-\{WXuWy HYidAjn^WjXsWj) = iWjXu,Wj)\{WiXy^Wj). 

We take Tj e Gt^G{Aj) lifting {gj x gjYiTi). Then, by fl6.1.3.2p . we have 

(6.1.3.3) ((giTi, A^^^)) = ^^^J2^,.U{<lF,,^'z'))iz.szr. 

We continue the proof assuming Ui = Ui^k- The proof of the other case Ui = Ui^p 
is similar using Lemma 14.3.31 2 and left to the reader. By Lemma 14.3.31 1. we have 



IS 



{{q*V,,^'°/))^z.szr=^,Mq*^v^z';))iz,.sZ,r^z,)G^^,. Since g,: E, ^ {Z.XsZ,) 
of finite tor-dimension, we have ((gjLj, A'|p)(^^,xsZ,)~ = g*((rj, A^p)(^^,xs^,)~ by Lemma 
13.3.51 and we obtain ((gjTj, A^^))(^xsZ)~ = hA^^ j^ ^z^)){ZjXgZj)'- ■ Thus, the sum of the 
right hand side of (I6.1.3.3P is equal to 



3 



e. ■ ^.*((r„ A'^f))(^^,xsz,r =Y.^Aw, ■■ V,] ■ pr^^((ri, A'°f)). 



Since ej\Wj : Vi\ = [W : V], the assertion follows. ■ 

Proposition 6.1.4 1. Let f : V ^ U be a finite Stale morphism of regular flat separated 
schemes of finite type over S and d = dimV^- + 1. We assume that Vk — > Uk is tamely 
ramified with respect to K . Let £ he a locally free Ojj-module of rank n, p: P = P{S) — ?■ U 
be the associated P"'~^-bundle and Py = P XuV be the base change. Let V dV XjjV\Ay 
be an open and closed subscheme and we regard Vp = V Xu P as an open and closed 
subscheme of Py Xp Py \Ap^ = {V XuV \ Ay) Xu P . 
Then, we have 

(6.1.4.1) p,((rp, ApJ)i°^ = n ■ ((r, Av^))'°s 

in FoG{dy/uV)Q. 
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2. Let the assumption he the same as in 1. except that we assume /: V ^ U is a finite 
Stale morphism of smooth separated schemes of finite type over F and d = diml^. 
Then, we have 

(6.1.4.2) p,(rp,Apji°^ = n-(r,A^)'°s 

in CHo{dv/uV)Q. 



Proof. 1. By the flattening theorem [31], there exist a proper scheme X over 5" containing 
U as a dense open subscheme and a locally free 0x-module £x of rank n extending £. 
Replacing X by a blow-up, we may assume U is the complement of a Cartier divisor B. 

Let Y be an object of Cy and I^ be a finite family of Cartier divisors of Y such 
that T^u/yY = Yj^iyY . Applying Corollary 15.3.31 1. we take a cartesian diagram fl5.3.3.ip 
satisfying the conditions f l5.3.3.1b )-f l5.3.3.1"b ). Let Pz = Z ^x Px denote the base change 
of the projective space bundle Px = P{£x)- Let A-jj C {Y Xs Y)^ be the closure of 
V XuV\Av and let A C (Z XsZy denote the intersection {g x gy-^{Ax>) H {Z x x Zy 
as in Proposition 15.3.41 We regard Ap = A XxPx as a closed subscheme of {Pz y<sPz)^ = 
{Z Xs Zy xx {Px xx Px) by the diagonal map Px -^ Px ^x Px- Then, ((L, Av))'°s is 
defined using the image of ((F, A^^))(^xsZ)~ by taking a lifting F G F„G(y4) of {g x g)*V . 
The product ((Fp, Ap^))^°s is defined using the image of ((p*F, Ap^))(P2XsPz)~ where 
p*: FdG{A) -)■ Fd+n-iG{Ap) denotes the pull-back. 

We apply the associativity formula. Lemma 13. 3. 4^ to Ap — )• {Pz^sPz)^ ^ Pz^zPz ^— 
Pz- Since a projective space bundle Pz is smooth over Z, the diagonal Pz ^ Pz ^z Pz 
is a regular immersion and hence is of finite tor-dimension. By applying Lemma I3.3.4[ we 
obtain 

(6.1.4.3) ((Fp, Ag))(p,x,p,)^ = (((Fp, A'°^))(zx,z)^, Apjp,x,p,. 

Since the projection p^ : Pz -^ Z is smooth, we have ((Fp, A^^^))(^xgZ)~ = P*z{(X , A^z^))izxszr 
Since (Ap^, Ap^)p^xzPz = (— l)"~^c„_i(fip ,^), the right hand side of fl6.1.4.3p is equal to 

p^((F, A'°s))(^x,z)- ■ i-ir-'cr^-iin'p^/z). 
Since deg(— l)"~^c„_i(i7p^ ,^) = n, by the projection formula, we obtain 

pz*((rp,Ag))(p^xsPz)~ = ^- ((r,A'°§))(2xsz)~ 

and the assertion follows. 

We also omit the similar and easier proof of 2. ■ 

Lemma 6.1.5 1. Let f : V ^ U, £, p: P = V{£) ^ U , T G V XuV \Av etc. he the 
same as in Proposition 16.1.41 We consider the pull-hack {p x p)*T as an open and closed 
suhscheme of Py Xu Pv\Pv ^v Pv ■ For an integerm, we put Cn,m = degc„_i(i7p„_i(m)). 
Then, we have 

(6.1.5.1) pMp X P)*r ■ c„_i(prtfi^/^(m) ® pr;0(m')), Ap^))'°s = c„,^^^, ■ ((F, Ay))'°s 
in FoG{dv/uV)Q- 
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2. Let the assumption be the same as in 1. except that f : V -^ U is a finite etale 
morphism of separated smooth schemes of finite type over F. 
Then, we have 

(6.1.5.2) p,{{p X p)T ■ c„_i(prtn^/j,(m) ® pr;0(m')), Ap^)'°s = c„,^+w ■ (r, Ay)'°s 

in CHo{dv/uV)Q. 

An elementary calculation shows c„_^ = ((m — 1)" — (— l)")/m for m 7^ and Cnfl = 
(-l)"-in. 

Proof. 1. We keep the notation X,£x,Pz, etc. in the proof of Proposition 16.1.41 above. 
Since Pz is smooth over Z, similarly as above, we obtain 

(((p X p)T ■ c„_i(prtfi^/^(m) ® pr;0(m')), Ag))(p,xsPz)- 
= (((P X P)*r, Ag))(p^xsPz)- ■ c„_i(fi],^/^(m + m')) 
= Pz((r, A^))(^xs2r ■ Cn-i(fip^/z(m + m')). 

By applying the projection formula, we obtain fl6.1.5.ip . 

We also omit the similar and easier proof of 2. ■ 

6.2 Excision formula 

We keep the notation f : V ^ U etc. as in the previous subsection. We prove the excision 
formula. Theorem 16.2.21 We begin with the following blow-up formula. 

Proposition 6.2.1 Let f : V -^ U be a finite etale morphism of regular flat separated 
schemes of finite type over S. Let Ui G U be a regular closed subscheme of codimension 
c and p: U' ^ U be the blow-up at Ui. We put V = V Xu U',Vi = V Xu Ui and let 
p: V ^ V and i: Vi ^ V denote the canonical maps. 

Let r G V Xjj V \ Ay be an open and closed subscheme and we regard T' = T Xu U' 
and Ti = T x^Ul as open and closed subschemes of V x^,V'\ Ay and of V\ Xij^V\\ A Vi 
respectively. 

Then, we have 

(6.2.1.1) ((r,A.))'« =P.((r',A.,))'«H-(c- 1) ('•"''"■f ":r "'u] ' ^"" 

in FoG{dv/uV)Q. 

Proof. We consider the pull-back {p x p)*T hj pxp: V XgY' ^ V XsV. In the notation 
of (16.1. U.2|) . we have 

(6.2.1.2) ((r, Ay))^°s = pMp X P)T, AyO)'°^ 

by the commutative diagram (I6.1.0.3p . We compute {p x p)*T. Note that pi : V( -^ Vi 
is a P'^'^-bundle. Since {p x p)*Au = Z]i(~l)*['^^^f^(^f/'5 ^c/')]) by applying Corollary 
I3.1.6[ we obtain 

c— 1 i 

(6.2.1.3) {p X pYIAu] - [Au>] = Y.(-^y'' E[p^i^^1m(^) ® P'^^Kuu'] 
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in G{U' XuU'), where pr^: U[ X(/^ [/( -> U[ denote the projections. Let S denote the right 
hand side of fl6.2.1.3p . We will use the computation 



c-l 



(6.2.1.4) S ■ c^{p4Nu^/u>) = Y,i-mPA%i/uM ® ilP^KC/h'] - Pui.u^ui]) 
= (-1)^-'- (c.-i(prtfi^,/^^(l)®pr;0(-l))-c,_i(prtfi^,/^^(l))^ 



that follows from Ny'/v' = C>{1). 

By {p X py[Au] - [At/'] = S, we have {p x p)*T = T' + (pi x pi)Ti • S. Thus, by 
06.2. 1.2p . we obtain 

((r, Ay)y°^ = p,((r', Ay>)y°^ + pMPi X Pl)Ti ■ s, AyO)'°^. 

Let i': VY — )■ l^' denote the immersion. If Ui = Ui^Ki then Proposition 16.1.11 gives us 

(6.2.1.5) (((pi xpi)Ti-S,Av^O)'°*^ = -<(((Pi xpi)Ti-S-ci(pr;iV^^/c;0,AyJ)'°^. 

If Ui = Ui^F, we replace the double paranthese in the right hand side by a single paranthese. 
By substituting (16.2. 1.4p in (I6.2.1.5P and applying Lemma 16.1.51 1 to the projective space 
bundle pi: V( — ;■ Vi, we obtain 

(6.2.1.6) pMpi X PiTT, ■ ^,Av')y°^ = z,(-l)^-i(ce,o - c,,,Wi^ ^vjY"^ 

in FqG(T,v/uV)q- Thus, the assertion follows from Cc,o — Cc,i = {—lY^^{c — 1). ■ 

Theorem 6.2.2 Let f : V -^ U be a finite Stale morphism of regular flat separated 
schemes of finite type over S. Let Ui G U be a regular closed subscheme and Uq = U \Ui 
be the complement. For an open and closed subscheme T ofVxjjV, we put Vq = V XjjUq 
and Ti = T XuUi. 
Then, we have 

(6.2.2.1) ((r.A.))- = ((r„.AvJ)-+f;<r'f ;r ''"; -Movers 

in FQG{dv/uV)Q- 

Proof. By a standard devissage, we may assume either Ui = Ui^k or Ui = Ui^p. By 
Propositions 16.1.41 and 16.2.11 it suffices to prove the case where f/i is a divisor of U . We 
put Vi = V Xjj Ui. Let {V Xs V)'" denote the log product (V Xs V)y^. We consider the 
pull-back q*T by the projection q: {V x s V)'" -^ V x s V . In the notation of (I6.1.2.ip . we 
have 



(6.2.2.2) ((r,A^))i°^ = ((gT,A^)) 



log 



by the commutative diagram (I6.1.2.2p . Let P C (V^ x^ V")~ denote the proper transform 
of P and we put Pi = P Xy Vi. We also have 

(6.2.2.3) ((Po,A^J)i°s = ((f,Av))^°^. 
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Let qi: E ^ Vi Xs Vi he the base change of q and q^Ti be the pull-back. Then, by 
Corollary 13. 1.7[ we have an equality 

(6.2.2.4) q*T = f + iu{qlTi) 

in G{{VxuVy\{UxuU)-). By Proposition[6X3l we have ((g*ri, Ay))^°s = ((ri,AyJ)^°s 
if Ui = Ui^K and ((giTi, Ay))'"^ = (Fi, AyJ'°f^ if f/i = Ui^p- Thus the assertion is proved. 
■ 

Similarly and more easily, we have the following analogue of Theorem 16.2.21 

Proposition 6.2.3 Let f : V -^ U he a finite etale morphism of smooth separated schemes 
of finite type over F. Let Ui G U be a smooth closed suhscheme and Uq = U \Ui be the 
complement. For an open and closed suhscheme T of V Xfj V , we put Tq = T Xu Uq and 
T^ = TxuUi. 
Then, we have 

(6.2.3.1) (r, AvY°^ = {To, Av,Ji°s + (F^, Ayji°s 

in CHo{dv/uV)Q. 

We leave the proof of Proposition 16.2.31 to the reader. 

We generalize the definition of the map (I5.3.6.ip . For a noetherian scheme X, let 
T{X, Z) be the Z- module of Z- valued locally constant functions. 

Corollary 6.2.4 For every finite etale morphism f : V ^ U of separated schemes of finite 
type over S such that Vk — >■ Uk is tamely ramified with respect to K , there exists a unique 
way to attach a morphism 

{{,/\v)t^:T{VxuV\Av,'^)^FoG{dv/uV)Q 

satisfying the following properties: 

(1) IfU is regular and flat of dimension n over S, it is the composition 

T{VxuV\Av,Z) > Gr^G{VxuV\Av) Aj^^ FoG{dv/uV)Q 

where the first arrow is the natural isomorphism. 

If U is smooth of dimension n over F , it is the composition 

ViyxuV\Av,Z) > GHniyxuV\Av) 1^^^ FoG{dv/uV)Q 

where the first arrow is the natural isomorphism. 

(2) Assume U = W^Ui is a finite decomposition by regular subschemes. Let ji : Ui —> U 
denote the immersion and put Vi = V Xu Ui for each i. Then, the diagram 

T{VxuV\Av,Z) ^^ '^''"'"> FoGidv/uV)Q 



(6.2.4.1) OT), 



Eii! 



®^r{V.Xu^V.\Ay^,Z) ®'^^ '^"'^^'°'> ®,FoG{dyju.K 



is commutative. 
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Proof. The uniqueness is a consequence of the existence of a finite partition by regular 
subschemes. To show the existence, it suffices to compare the maps defined by taking 
partitions by regular subschemes. By taking a common refinement, it is reduced to verify 
the following. Let U he a regular scheme and f/ = ]J^ t/j be a finite stratification by regular 
subschemes. Then, the maps defined in (1) make the diagram (16.2.4.11) commutative. It 
follows from Theorem 16.2.21 and Proposition 16.2.31 by the induction on the maximum of 
the codimensions of Ui in U. ■ 

Similarly, we have the following variant, whose proof we leave to the reader. 

Corollary 6.2.5 Assume K is of characteristic 0. For every finite etale morphism f : V -^ 
U of separated schemes of finite type over K , there exists a unique way to attach a mor- 
phism 

(( , Ay))'°s: r(V^ xu V.-L) ^ FoG{dFV)Q 

satisfying the following properties: 

(1) IfU is regular and flat of dimension n over S, it is the composition 

T{VxuV,Z) y Gr^G{VxuV) " '^"""'°'> FoG'(9j.F)q 

where the first arrow is the natural isomorphism. 

(2) Assume U = YiiUi is a finite decomposition by smooth subschemes. Let ji : Ui ^ U 
denote the immersion and put Vi = V Xjj Ui for each i. Then, the diagram 

T{VxuV,Z) SL^}^ FoGidpYh 



(6.2.5.1) 0*). 



Eii: 



@^T{V.Xu^V„Z) ®'^^ '^"'"'°') e,FoG{dFV^\ 



is commutative. 



6.3 A semi-stable case 

In this subsection, we establish a crucial step in the proof of the conductor formula. 
Namely, in Proposition l6.3.2] we compare the log localized intersection products ((T, Ay))'°^ 
and ((r, Ay'))^°^ for a morphism f : V ^ V using the Lefschetz trace formula Theorem 
ll.4.6[ assuming among others that / is extended to a weakly semi-stable morphism of 
compactifications. 

We consider a commutative diagram 

U' < — v 

(6.3.1.1) 

U < V 

of separated schemes of finite type over S where the horizontal arrows are finite etale and 
the vertical arrows are smooth. Let T G V Xjj V he a.n open and closed subscheme. Let 
Vji- and Ij, denote the base change V Xy T with respect to the first and the second 
projections respectively and we identify the fiber product V^ x^- Vj. with an open and 
closed subscheme oi {V Xjj/ V) XyxuV T C V Xu> V . 
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Let r C V Xtji V be an open and closed subscheme. Assume that it is a closed 
subscheme of V^ x^ V^ . We compare the elements ((T, Ay))'°s and f\{{T , Av')y°^ of 
FoG{dFV)Q, assuming that we have a commutative diagram 



(6.3.1.2) 



V -^ Y' D D 



V -^ Y 



of separated schemes of finite type over S satisfying the following conditions: 

(16.31 1.3) The schemes Y and Y' are proper over S and Y is the disjoint union of irreducible 
components. The schemes V (Z Y and V C Y' are dense open subschemes. The 
morphism / : Y' -^ Y is proper weakly semi-stable of relative dimension d such that 
Yy = Y' Xy V ^^ V is smooth. The subscheme D is a divisor of Y' flat over Y with 
simple normal crossings relative to Y and V = Yy\ Dy. 

Let Di, . . . , Djn be the irreducible components of D. Let F^ ' = YyXyT,D]^\ . . . , Dm 
and Yrf \D\ , . . . , DiJ denote the base change with respect to the first and the second 
projections respectively. Let {Yj^ Xq- K^^ -')~ denote the log product with respect to the 

families of Cartier divisors {Dl , . • • > Dm ) and {D[ , . • • ? Dm )■ 

Let K' be a finite extension of K and 7' : Spec fC' — > T be a morphism over K. By 
the valuative criterion, the compositions Spec K' ^ T -^ Y with the two projections are 
extended to S' = Spec Ok' — ^ Y. Let Yg\ and Y^, denote the base change with respect 
to the first and the second projections respectively. We assume that the restrictions of 
S" — )■ y to the closed point s' G S' define the same log point s' — )■ Y. Then, we have 
a canonical isomorphism Lg' '■ X^' ~^ ^s' • Hence, if the second projection T ^ V 
is proper, the alternating sum Tr((7'*r)*: H*{V^,,Qe)) (I1.4.2.3P is defined for a prime 
number i invertible on S. 

Proposition 6.3.2 Let the notations be as in fl6.3[ l.l)- fl6.3[ 1.3) and assume either of 
fl5.3.2[ la) or fl5.3.2[ lb) is satisfied. LetT C V XuV\Av be an open and closed subscheme 
and T be a closed subscheme of the log product (1^ Xjr Y^ )~ flat over T such that 
F = F n (V^ Xt Vrp ) is an open subscheme of V Xjji V . We regard Y as a log scheme 
with the log structure defined by a finite family of Cartier divisors £ = {Ej)j(=j satisfying 
V = Y\[j^^jE,. 

Then, there exist a finite family {Ki)ii^j of finite extensions of K , a family (7j: Spec Ki — >■ 
T)iei of morphisms over S and rational numbers {ri)i^j satisfying the following properties: 

Let Si ^ Si = Spec Oxi denote the closed point for i ^ I. Then, for each i & I, 
the log points 7^ : Sj — )■ F defined by the unique maps Si ^ Y extending the composition 
Spec fi'j — i- T — )■ y with the first and the second projections are equal to each other. 
Further, for a prime number i invertible on S, we have Tr((7*F)*: H*{V^ ,Qi)) G Q and 

(6.3.2.3) ((r,A^^)) = 5^r,[7.(^.)], 

i 

(6.3.2.4) mT,A'°f)) = 5^r,Tr((7;F)*: i/:(V^4,Q,)) ■ Ms.)] 

i 

in FoG(T.y/uY)Q. 
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Proof. By applying Corollary 15. 3. 31 1. we may take a cartesian diagram (15.3.3. ip sat- 
isfying the conditions fl5.3.3.1b )- fl5.3.3.1b ). Since the conditions fl5.3.2[ la) and fl5.3.2[ lb) 
are stable by the base change, we may assume that we have a log blow-up Z' ^ Z XyY' 
as in the conclusion of Lemma 15.3.21 

Let g: Z' ^ Y' he the canonical map. We put {g x g)*(T) = J2j ^jTj e FnG{(W Xs 
W) XvxsV T) and, for each j, let Tj C {Z Xs Z)^ be the schematic closure. Then, we 
have 

(6.3.2.5) ((T, A'^°^)) = ^^J^ J]m, .^-4(f„ A^°^))(^,,z)^. 

By the assumption that T C {Yrp x j-K^- )~ is flat over T and by the flattening theorem 
|34] . there exists a proper modification g^ : T' — )■ Tj for each Tj satisfying the following 
conditions: The map qj : Tj — )■ Tj induces the identity on the dense open subscheme Tj and 

the schematic closure f^- of f ^ = TxtTj C (F^^^^ XtY^^^^^^XtTj = {Z' XgZ')^ x^zxgZ^Tj 
in the base change {Z' Xg Z')^ X{zxsZ)~ Tj is fiat over Tj. Then, similarly as above, we 
have 

(6.3.2.6) ((r, A'^f)) = ^^^Y.'^rMj.m,^'zf))iz'.sZ'r- 
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For each j, we put ((Tj, A|*^))(^xs^)~ _= ^M^'il in FqG{Tj xi^zxszr A^^). Since 
s[ G Tj is a closed point and Tj is dense in Tj, there exist a discrete valuation field Ki and 
a map 7j : Si = Spec Oxi — >■ Tj extending Spec Ki — )■ Tj such that s'^ is the image of the 
closed point Si of Si. Since the image of Si in {Y Xs F)~ is in the log diagonal, the log 
points Sj — )■ F defined by the two projections are equal to each other. Thus, by (I6.3.2.5p . 
we obtain (I6.3.2.3p . 

We prove the equality (I6.3.2.4p . We fix j and let pj-. V'j — )■ Tj denote the projection. 
First we show 

(6.3.2.7) p,.{{f'^,^'^zf)\z'.szT = E^^d^g(r;.,^'^'|f )(^,^,,^^,^)^ ■ [.:] 

i 

in FqG{Tj X(^zxsZ)~ A^^). Since Z' — ;■ Z is log smooth, the log diagonal map Z' -^ 
{Z' X z Z')^ is a regular immersion. Hence, we have 



m,A'°zf))iz'><sZT = (((f;, A'|^))(^x,z)., A'lf) 



{z'xzZ'y 



by the associativity of the localized intersection product. Lemma [3.3.41 Since pj : Fj — )• Tj 
is fiat, the right hand side is equal to 



iPm^^'z'))iz.szr,^'zf)(z'.,z'r = $^n,(pj[.:],A^°f)(^,,,^,)^ 



E-^(r;..Ag 



in ToG(Fj Xf^zxsZ)- A^^). Thus the equality (16.3.2.70 is proved. 
For the right hand side of (16.3.2.70 . we have 



^Sir'3..,^Mx..z^r = Tr((7rr)*: KiV^^M)) 
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by Theorem OSi Hence the equahty (I6.3.2.4|) follows from (I6.3.2.6|) and (I6.3.2.7|) . ■ 

Similarly, in the case where K is of characteristic 0, we have the following. We leave 
the proof to the reader. 

Proposition 6.3.3 Assume that K is of characteristic and let the notations be as in 
(l6311.1)-(l6311-3). We assume that either (jEMlla) or ( ISXl lb) is satisfied. Let T C 
V XuV he an open and closed subscheme and let T be a closed subscheme of the log product 
(Kp Xt Yj^- )^ flat over T such that F = F fl (l^ Xj^ V^ ) is an open subscheme of 
V' Xiji V' . We regard Y as a log scheme with the log structure defined by a finite family 
of Cartier divisors S = {Ej)j(zj satisfying V = Y \ [J-^jEj. 

Then, there exist a finite family {Ki)i^i of finite extensions of K , a family {pfi: Spec Ki — )• 
T)iei of morphisms over S and rational numbers {ri)i,zi satisfying the following properties: 

Let Si & Si = Spec Ok^ denote the closed point for i & I . Then, for each i & I , 
the log points 7j : Sj — )■ y defined by the unique maps Si -^ Y extending the composition 
Spec ii'j — !■ T — )■ y with the first and the second projections are equal to each other. 
Further for a prime number i invertible on S , we have 

(6.3.3.1) {{T,A'°^)) = J2r^Ms^)], 

i 

(6.3.3.2) /*((r, A^f)) = ^r,Tr((7;F)- KiV^^M)) ■ Ms,)] 

i 

inFoG{YxsF)Q. 
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7 The Swan class and a conductor formula 

We keep the notation that K is a. complete discrete valuation ring and S = Spec Ok as 
in the previous sections. We fix a prime number i different from the characteristic p of 
the residue field F of K. First, we define the Swan character classes for Galois coverings 
in Section 17.11 We define the Swan class of a locally constant F^-sheaf in Section 17.21 
We extend the definition of the Swan class to a constructible sheaf in Section 17.41 using 
the excision formula Proposition 17.2.51 2.. assuming K is of characteristic 0. We prove a 
conductor formula for some relative curves in Section 17.31 and derive the general case in 
Section 17.51 

In this paper, we state and prove results for F^-sheaves. The corresponding results for 
Q^-sheaves are easily deduced from them. We leave the proof of them to the readers. 

7.1 Swan character classes 

We define the Swan character class for a Galois covering. 

Definition 7.1.1 Let U be a separated regular flat scheme of finite type over S and 
f:V — 7- U be a finite Stale G-torsor for a finite group G such that the generic fiber 
Vk — )■ Uk is tamely ramified with respect to K. Then, for an element a E G, we define 
the Swan character class sv/u{(^) ^ F'oG{dv/uV)Q by 

[-{{T^,Av)y"^ fora^l. 

By Corollaries 15.1.31 and I5.1.8[ for a finite Galois extension L of i^ of Galois group G 
and U = Spec K,V = Spec L, we have 



(7.1.1.2) sv/uicr) = ^'^'''' ''''''/''-' 



length^^ ^o^ /Oj, (log / log) for a = 1 

-lengthy, Ci/J^ for a 7^ 1. 



in FoG^dy/uy) = ^! where J„ is the ideal of Ol generated by cr(a) — a for a G Ol and 
a{b)/b-l for 6gL\ 

Lemma 7.1.2 Let the notation be as in Definition U .1 .1\ Then, we have the following: 

1. We have 

^sv/u{(^) = 0. 

2. Let H be a subgroup of G and g : V -^ U' be the corresponding H-torsor. Then, for 
a E H , we have 

3. Let G' = G/N be a quotient of G and g : V -^ V be the corresponding N-torsor. 
Then, for a' G G' , we have 

9*sv'/uicr') = J^ sv/u{cr)- 

crgG,CT=tT' 

97 



Proof. 1. Clear from Lemma I5.4.4I 2. 

2. For 0" = 1, it follows from Lemma [5.4.4I 1. For o" 7^ 1, it is clear from Definition. 

3. Clear from Lemma I5.4.4I 3. ■ 

Corollary 7.1.3 If the order of a E G is not a power of p, we have 

sv/uicr) = 0. 

Proof. By Lemme [Y.L2[ 2. we may assume G is generated by a. Assume the order of a 
is not a power oi p. Let A^ C G be the p-Sylow subgroup and V ^ U he the corresponding 
G' = G/N-toTsoi. Then, since the order of G' is prime to p, the finite etale morphism 
y — 7- f/ is tamely ramified with respect to S by Corollary I2.4.4[ Hence, it follows from 
Corollary 15X21 ■ 

For an element a E G oi order a power of p and an integer i prime to p, Conjecture 
15.4.61 predicts 

Sv/u{(t) = Sy/t/(cr*). 

Corollary 7.1.4 Let the notation be as in Definition I7.1.1[ Let X be a normal proper 
scheme over S containing U as a dense open subscheme and let Y be the normalization of 
X in V . Let a E G be an element not contained in any conjugate of a p-Sylow group of 
the inertia group ly G G for any geometric point yofY. Then, we have 

sy/i/(o-) = 0. 

Proof. By Corollary 17.1.31 it suffices to consider the case where a is of order a power 
of p. As in the proof of Corollary 17.1. 3[ we may assume G is generated by a. Let N (Z G 
be the subgroup generated by a^. Let V -^ U he the corresponding G' = G/N-toTsor and 
let Y' he normalization of X in V. Then, by the assumption, Y' —> X is etale. Hence the 
assertion follows from Corollary 15. 4. 2[ ■ 

7.2 Swan class of a locally constant sheaf 

We briefly recall the Brauer trace of an £- regular element. Let G be a finite group and 
^ be a prime number. An element a E G is called an ^-regular element if the order of a 
is prime to £. Let G^^^ denote the subset of G consisting of ^-regular elements. For an 
element of a pro- finite group, we define similarly a pro-^ regular element. 

Let M he an Frvector space of finite dimension n and a he an automorphism of M 
of order prime to i. Then the Brauer trace Tr '^{cr : M) E T^ is defined as follows. Let 
«!,..., a„ G F^ be the eigenvalues of a on M counted with multiplicities and ai, . . . , a„ E 
"L^^ he the liftings of finite orders prime to L Then the Brauer trace is defined by 
Tr^^(a : M) = ELi «.• 

Let / : y — )■ f/ be a finite etale G-torsor for a finite group G such that the generic fiber 
Vk — > Uk is tamely ramified with respect to K. By Corollary 17.1.31 we have sv/u{.cr) = 0, 
if the order of a is not a power of p. In the following, let G(p) denote the subset of G 
consisting of elements of order a power of p. For £ 7^ p, we have G(p) C G^^\ We put 
FoG{dy,uV)Qi^^^) = F,G{dv/uV)Q®Qmv-^).FoG{dv/uy)zK,o.] = FoG{dv/uV)®T.nCv^] 
etc. 
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Definition 7.2.1 Let U be a regular flat separated scheme of finite type over S = Spec Ok 
and let J^ be a locally constant constructible ¥i- sheaf on U. Let f : V ^ U be a finite etale 
G -tors or for a finite group G such that f*T is a constant sheaf on V . We assume that the 
generic fiber Vk — )■ Uk is tamely ramified with respect to K. Let M be the ¥ ^-representation 
of G corresponding to T . 

Then, we define the Swan class Swy/uJ^ ^ -foG'(<9v'/(7^)Q(C oo) by 

(7.2.1.3) Swv/uJ^= Yl Tr^'(c^:M)-sy/f;((T). 

By Lemma [7.1.21 1 and Tr '^(l : M) = dimM, the defining equality (17.2. 1.3p is equiva- 
lent to the following: 

(7.2.1.4) Swv/uJ^= Yl (dimM-Tr^'^(a:M))-((r,,Ay))i°g. 

Recall that in [26j, the Swan class is defined similarly for a locally constant sheaf on 
a smooth scheme over a perfect field and is called the naive Swan class. Modifying the 
notation Sw' there, we remove '"". If we assume Conjecture 15.4.61 asserting that sv/u{<^) = 
sv/u{(^^) for an integer i prime to p, the Swan class Swy/uJ^ is in fact defined in the 
subspace FoG{dv/uV)Q C FoG{dv/uV)Q((;^^). 

If we admit a strong form of resolution of singularity, the Swan character class is 
defined integrally (I5.3.6.3P and hence the Swan class Swy/uJ^ is defined as an element 
of FoG{dv/uV)z[c oo]- Further, if we assume Conjecture 15.4.61 the Swan class Swy/uJ^ is 
in fact defined integrally in the subgroup FoG^dy/uV) C FQG{dv/uV)z[c °°]- When, we 
emphasize that it is defined integrally, we write Swy/j/J-" and call it the integral Swan 
class. Note that Conjecture 15.4.61 itself is a consequence of a strong form of equivariant 
resolution of singularities. 

Similarly as [26], Lemma 4.3.10], we have the following analogue of [T71 Theoreme 2.1]. 

Lemma 7.2.2 Let U be a regular flat separated scheme of finite type over S = Spec Ok 
and Ti and J^2 be locally constant constructible sheaves ofFi-modules on U . Let f : V -^ U 
be a finite etale G-torsor for a finite group G such that f*T\ and /*J-2 are constant on V 
and that the generic fiber Vk — ;■ Uk is tamely ramified with respect to K. 

Let X be a proper normal scheme over S containing U as a dense open subscheme. 
Assume that, for every geometric point x of X , the restriction to a p-Sylow subgroup of 
the inertia group I^ of the representations Mi and M2 of G corresponding to T\ and J-2 
are isomorphic. Then, we have Swy/fyJ^i = Swv//(7J^2- 

Proof. It follows from Definition and Corollary 17.1.41 ■ 

Lemma 7.2.3 Let U, V, G andT be as in Definition ^! .2.1\ Let f: V ^^ U be a finite etale 
G'-torsor for a finite group G' such that f'*T is a constant sheaf on U' . Let g: V ^ V 
be a morphism over U compatible with a group homomorphism G' ^- G. Then, we have 

Swv'/uJ^ = g*Swv/uJ^ 
in FoG{dv/uV')Q((;^^). 
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Proof. It follows from the definition and Lemma [7.1.2I 3. ■ 

By Lemma I7.2.3[ the Swan class Sw v/uJ^ is G-invariant and hence rhfi^'^v/uJ^ ^ 

FQG{dv/uU)Q((^ oo) is independent of the choice of a Galois covering V trivializing J^. Thus 

the following definition makes sense. 

Definition 7.2.4 Let U be a regular flat separated scheme of finite type over S = Spec Ok 
and J-" be a locally constant constructible sheaf of¥i-modules on U. Let f : V ^ U be a 
finite etale G-torsor for a finite group G such that f*T is constant on V and that the 
generic fiber Vk — ;■ Uk is tamely ramified with respect to K . 
Then, we call the image 

Swc/J" = — -/iSwy/c/J" 

|(jr I 

by the isomorphism from the G-fixed part j^fr. FoG{dv/uV)Q(^^^) -^ FQG{dv/uU)Q{Cj,oo) 
the Swan class. 

We have Sw^/c/J^ = f*SwuJ^ by Lemma r5.2.4[ l. In the case U = Spec K, the Swan 
class SwfyJ-" e FQG{dY/uU)Q(^^ ^) = Q(Cp°°) is nothing but the Swan conductor 



Sw^^ = ^ E Tr'^'l^: M) ■ f,SL/Kia) 



e z, by dnxa). 

The Swan classes satisfy the following additivity and the excision formula. 

Proposition 7.2.5 Let U be a regular flat separated scheme of finite type over S = 
Spec Ok and J^ be a locally constant constructible sheaf of ¥ i-modules on U . 

1. For an exact sequence — ?■ J-"' — > J-" — t- J-"" -^ of locally constant constructible 
sheaves of ¥ n-modules on U, we have 

(7.2.5.1) SwuJ" = SwuJ^' + SwuT". 

2. For a regular closed subscheme Ui C U and the complement Uq = U \Ui, we have 

(7.2.5.2) Swc/J" = SwuoJ^luo + S'^UiJ^lui- 

Proof. 1. Clear from the definition. 

2. It follows from the definition and Theorem 16.2.21 ■ 

We prove an induction formula for the Swan classes. 

Proposition 7.2.6 Let U be a regular flat separated scheme of finite type over S and 
f : V — )■ U be a finite Stale G-torsor for a finite group G such that the generic fiber 
Vk — )■ Uk is tamely ramified with respect to K. Let H G G be a subgroup and g: V ^ U' 
be the corresponding H-torsor. Let J^ be a locally constant constructible sheaf of ¥£-modules 
on V such that g*J^ is a constant sheaf on V and let h: U' ^ U denote the canonical 
map. 

Let T G G be a complete set of representatives of G/H. Then, we have 



(7.2.6.1) Swv/uf*J^ = 22 ^!(Swy/{// J" + rank J" ■ g*D^^f 

in FoG{dv/uV)Q((; ). 



/u) 
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Proof. Let M be the representation of H corresponding to J-'. Then, we have Tr^'^(cr : 
Ind^M) = X^TgTr-io-TG/f Tr^''(r~^o"r : M). Hence, by the definition of the Swan class, the 
left hand side of fl7.2.6.ip is equal to 

(7.2.6.2) Yl Tr'^'l^ : IndgM) ■ Sv/u{(r) = Y, Yl Tr^'l^"'^^ : M) ■ Sv/u{(^) 

= ll^\ll Tr^^(p : M) ■ .v^/^(p) 

Thus, it follows from Lemma [5.4.4I 2. ■ 

Corollary 7.2.7 Let f : U ^ V be a finite etale morphism of regular flat schemes of 
finite type over S such that the generic fiber Uk -^ Vk is tamely ramified with respect 
to K. Let T be a locally constant constructible sheaf of¥i-modules on U such that there 
exists a finite etale morphism g: U' ^ U over S such that g*J^ is constant on U' and that 
U'j^ — )■ Vk is tamely ramified with respect to K . 
Then, we have 



(7.2.7.1) 


Swy/* J" = f^SwuJ' + rank J" ■ d^^^y. 


In particular, for T - 


= ¥i, we obtain 


(7.2.7.2) 


Swuf.¥, = d'°Jy. 



Proof. It follows immediately from Definitions and Proposition 17.2.61 
We expect the following generalization of the Hasse-Arf theorem to hold. 

Conjecture 7.2.8 The Swan class SwfyJ-" is in the image of the map FQG{dv/uU) — )■ 

FoG{dv/uU)Q((;^^). 

Note that Conjecture 17.2.81 is much stronger than the statement that the Swan class 
Swy/uJ^ is in the image of the map FoG^dy/uV) -^ FoG{dv/uV)'Q{c oo), which is, as we 
have seen above, a consequence of a strong form of equivariant resolution of singularities. 
We will prove Conjecture 17.2.81 in the case dimUK < 1 later at Corollary 18.3.81 

Conjecture 17.2.81 is related to the following conjecture of Serre. 

Conjecture 7.2.9 ( | i39j ) Let A be a regular local noetherian ring and G be a finite group 
of automorphisms of A. Assume that the fixed part A^ is noetherian and that for every 
a E G,a ^ 1, the quotient A/ la- by the ideal I^ = (o"(a) — a;a & A) is of finite length. 
Then the Z-valued function ac of G defined by 

/length A//, zfa^l 

l-ErGG,r^i«G(r) ^f(r = l 

is a character of G. 

Lemma 7.2.10 Assume that the fraction field of A is of characteristic and that the 
residue field F of A is of characteristic p > 0. Then, Conjecture 17.2.81 for U such that 
d = dimf/ft- + 1 implies Conjecture 17.2.91 for A of dimension d. 
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Proof. First, we consider the following special case. Let y be a regular flat separated 
scheme of finite type over S = Spec Ok and y E Y he a closed point in the closed fiber as 
in Proposition 15.1.71 Let G be a finite group of automorphisms of Y over S such that, for 
every a G G',cr 7^ 1, the fixed part F°" is equal to {y} set-theoretically. We assume that 
the quotient X = Y/G exists as a scheme of finite type over S. We put V = Y \ {y} and 
/: V ^U = V/G CX. 

We show that Conjecture 17.2.81 ioi f : V -^ U and G implies Conjecture 17.2.81 for 
A = Oy^y and G. We consider the image 5^(0") G Q of sy/ui.^) ^ FQG{dv/uy)Q by 
FoG{dvjuV)Q -^ FqG{^v/uY)q -^ FoG({i/})q = Q. Conjecture 17:2:8] implies that the 
function ^^(cr) is a character of G. By Proposition 15.1.71 we have ac = tq — uq + sq 
where tq and ug denote the characters of the regular and the unit representations of G 
respectively. Hence, the assertion is proved in this case. 

We reduce the general case to the special case above similarly as in the proof of [27t 
Lemma (5.3)]. By replacing A by the completion, we may assume A and hence A*^ are 
complete. Let C be a complete valuation ring such that p is a prime of G and the residue 
field k is the same as that of A'^ . Then, by [HI Chapitre 0, Theoreme 19.8.8 (ii)] there 
exist an integer c? > and a finite injection C[[ti, . . . , t^]] — )■ A^ . Let W{k) be the ring of 
Witt vectors and we take a local homomorphism G — )■ W . By replacing yl by a factor of 
the completion A^c-VT, we may assume k is algebraically closed and G = W. Then, the 
rest of the argument is the same as that in the proof of |271 Lemma (5.3)] by replacing 
k[[ti, . . . , td]] by Vr[[ti, . . . , td]] and k{ti, . . . , td} by the strict localization W{ti, . . . , td} 
and is left to the reader. ■ 

Conj ect ure 15.4.61 implies the weaker statement that the Swan class SwfyJ-" is in the image 
of the map FQG{dv/uU)Q — )■ FoG{dv/uU)Q(i^ ^). Since we do not know the proof of Conjec- 
ture l5.4.6] in general, we make the following definition. Let prQj-^ ^yq : -foG'(f^v/i/f^)Q(Cpoo) ~^ 

FoG{dv/uU)Q be the projection induced by lii^^ _ Ttq(^^„)/q. 



Definition 7.2.11 The rationalized Swan class Sw^J-" G FQG{dv/uU)Q is the image of 
the Swan class Sw^/J" by the projection prQ(^^^)/Q : FoG{dv/uU)Q((;^oo) -^ FoG{dv/uU)Q. 

By modifying the notation in [26] , we write the Swan class by Sw and the rationalized 
Swan class by Sw*^. 

7.3 Conductor formula for a relative curve 

Let / : f/ — ;■ V^ be a smooth morphism of separated regular flat schemes of finite type over 
S and J-" be a locally constant constructible sheaf of F^-modules on U. In this subsection, 
we assume that the following conditions are satisfied: 

(17.31 0.1) There exists a proper smooth scheme X over V containing U as the complement 
U = X \ D oi a fiat divisor D with simple normal crossing relative to V. There 
exists a finite etale morphism it: U' -^ U tamely ramified with respect to V such 
that the pull-back 7r*J-' is a constant sheaf on U' . 

Then, by [16], the higher direct images R'^f\¥i and R'^fiJ-' are locally constant sheaves on 
V. Further, for the alternating sum of ranks, we have 

(7.3.0.2) rank i?/, J" = rank J" ■ rank i?/,F^ 
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Let it' : V -^ V he a. finite etale inorphism such that the pull-back TT'*R'^f\J^ of the 
locally constant are constant on V and that V^ — )■ Vk is tamely ramified with respect to 
K. Then the Swan class 

SwyRflJ^ = ^(-l)'^Swyi?V!J- 
Q 

G FoG^dy /vV)Qi( oo) is defined as the alternating sum. A conductor formula should 
describe the Swan class SwyRfiJ^ in terms of the class Swc/J-". In Corollary 17.3.61 we 
prove a conductor formula for a relative curve under a certain assumption. We prove it in 
a general case in Section 1731 assuming K is of characteristic 0. 

First, we give a general formalism Proposition 17.3.31 to prove a conductor formula. We 
consider a commutative diagram 

U ^^— U' 
(7.3.0.3) /| |/' 

V ^^^ V 
of separated schemes of finite type over S satisfying the following condition: 

(17.31 0.4) The horizontal arrows are finite etale, U' is a G-torsor over U and V is an if-torsor 
over V for finite groups G and H. The generic fiber V^ — )■ Vk is tamely ramified 
with respect to K. The arrow /' is compatible with a morphism ip: G — ^ iJ of finite 
groups in the sense that, for a E G and r = V'(cr) G H ^ we have /' o a = r o /'. 

Lemma 7.3.1 Let f : U ^ V he a smooth morphism of separated regular flat schemes 
of finite type over S and J-" be a locally constant constructihle sheaf of ¥ ^-modules on U 
satisfying the condition (17.31 0.1). We consider a commutative diagram (17.3. 0.3p satisfying 
the condition (17.31 0.4). Assume that the higher direct image -R^/i'F^ is a constant sheaf on 
V for every q > 0. 

Let a E G be an element and we put t = fla) G H. Let Vj he a geometric point ofV' 
and f be an automorphism of fj' compatible with r. Let a* of* denote the automorphisms 
ofHI{UL,,Qe) and H^{U^,,¥i) defined by the pull-back by a x f on U^, = U' Xy v' . 

1. The automorphism a* of* of H^[UL,¥i) is independent of the choice off. 

2. Assume further that a and f are i-regular and let a* denote the automorphism 
a*of* of H*{U^,,¥i) independent of f . Then, the alternating sum Ti {a* of* : H*{U^,,Qi)) 
is independent of f and is equal to the alternating sum TT^^{a*, H*{U^,,¥i)) of Brauer 
traces. 

Proof. 1. By the assumption that R'^fl¥£ is constant, the action of a o f on H^{UL,¥£) 
is independent of the lifting f of r. 

2. Since a and r are assumed ^-regular, the trace Tr(a* o f , if*(f7!^/, Q^)) is equal to 
the Brauer trace Tr^'(a*, H*{U^,,¥g)). U 

Lemma 7.3.2 Let f : U -^ V be a smooth morphism of separated regular flat schemes 
of finite type over S and J-" be a locally constant constructible sheaf of ¥ ^-modules on U 
satisfying the condition ( 17.31 0.1). We consider a commutative diagram (17.3. 0.3p satisfying 
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the condition fl7.3[ 0.4). Assume that the higher direct image WflFi and the pull-back 
ji-'*jlQj]jr Qj-g constant sheaves on V for every q > 0. 

Let T & H be an i-regular element. Let fj be a geometric point of V and lift it to a 
geometric point fj' ofV. Let M be the ¥ i-representation of G corresponding to T . Then, 
we have 

(7.3.2.1) Tr^'^(r,i/:(f/„^)) = ^ J^ Tr^^(a* : K^^W,)) • Tr^'^(a* : M). 

ip{a)=pTp-^ 

Proof. We consider H^{U^,¥£) as an F^-representation of G by the pull-back action 
oi G on U^ = U' Xy fj- By [TTl Lemma 2.2], the alternating sum H*{U^,¥e) defines an 
element [H*{U^,¥£)] of the Grothendieck group Pt{G). By the assumption that Ti'*R'^f{T 
are constant on V , we may regard H^iU'^^J^) also as an F^- representation of H. 

Since r is assumed ^-regular, we have a decomposition H*{U^, F^) = rx H*{U'j^, F^)^ 

by characters of the cyclic subgroup (r) C H and an equality [H*{U^, ¥e)] = J2 g/7\ [-^c (^^5 ^e)x] 
in Pi{G). Similarly as [T71 Lemma 2.2], we obtain 

(7.3.2.2) dimi7:([/„ J-)^ = dim([i7:(^,F,)J ■ [M])«. 
Thus, we have 

(7.3.2.3) Tr^^(r,if:(^„^)) = $^ x(r) ■ dim([/f:(^,F,)J ■ [M])^. 

XG(t> 

Similarly as [TTl Lemma 2.3], the right hand side of (17.3. 2. 3p is equal to 

E ^(^) ■ M ( ^ ^'^'^^* ^ H:{U'^^¥,\) . Tr^^(a* : M) 



J- ^ Tr^'"((T* X f* : i7;(f/^,F^)) ■ Tr^'"((T* : M). 



For p E H, let f^'/^/'i denote the geometric fiber of U' — ?■ V by the composition of 
fj' — 7- y with p\ V ^ V'. Then, the geometric fiber U^ = U' Xy f] is the disjoint union 
UpeH U'pi^fi') and we have 

Tr(a* X f * : if:(^, Q,)) = J] Tr^'-(a* o f * : if:(f/;(,,), F,)). 

pG-ff; ip{a)=pTp~^ 

We have Tr^''((T* o f* : if;(f/;(-,),F^)) = Tr^''((T* : H*{UL,,¥e)) since i^Vi-?^ are assumed 
constant on V. ■ 
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Proposition 7.3.3 Let /: U ^ V be a smooth morphism of separated regular flat schemes 
of finite type over S. Let i be a prime number invertible on S and J^ be a locally constant 
constructible sheaf of ¥ ^-modules on U satisfying the condition fl7.3[ 0.1). We consider a 
commutative diagram fl7.3.0.3p satisfying the condition f l7.3[ 0.4). 

Assume U, U', V and V are irreducible. Assume further that the pull-backs 'K'*R'^f\TT^¥i 
and 7r'*R'^f\J^ are constant on V . Let fj be a generic point of V and for an d-regular 
element a G G, we consider Tr ^(a* : H*(U^,¥i)) as in Lemma fT.S.U Then, we have the 
following. 

1. Assume that, for each non-trivial i-regular element a E G and r = (p{(j) E H , we 
have 

(7.3.3.1) Tr^^(a* : H:{%J,)) ■ {{VrAv')t^ = /,'((r., A^/O)^"^ 
in FoG((9y//v'V)(Q. Then, we have 

(7.3.3.2) SwvRfi.J" - rank T ■ SwyRfi^e = fiSwuJ" 

zn FoG{^v'/vV)Q((;^o.)■ 
2. Assume K is of characteristic and suppose the schemes in the diagram (17.3. 0.3p 
are schemes over K. Assume that, for each i-regular element a E G and r = <^(o") E H , 
we have 

(7.3.3.3) Tr^^(a* : KiJJiJ,)) ■ ((P., Ay,))'"^ = /,'((!., Af;0)'°^ 
in FQG{dpV')(^. Then, we have 

(7.3.3.4) Swyi?/,F, = -/,((Af;,A^))'°s + Xc(f/^) ■ {{^vAv)t^ 
m FQG{dFV)Q(Cj,oc)- 

Proof. 1. Let M denote the representation of G corresponding to the locally constant 
F^-sheaf J-" on U . By (I7.3.0.2p and by the definition of the Swan class (I7.2.1.4p . the equality 
(I7.3.3.2P is equivalent to the following: 

(7.3.3.5) 

^ Y, (Tr^''(r,i7:(f/„^))-rank^-Tr^^(r,i7:(t/„F,))) ■7r;((r,,Ay0y°^ 

= ^ E (Tr'^'^l^.^) - diniM) ■ /,7r,((r<„ A^,))'°^• 
Substituting (I7.3.2.ip . we see that the left hand side of (I7.3.3.5P is 
(7.3.3.6) 
^ E ^ E Tr^'^(a*:i7:(^„F,))-(Tr^'^(a,M)-dimM)-vr;((r.,AvO)' 

ip{(T)=pTp-^ 

=^\ E (Tr^'-(c^,M) -dimM) ■ ^.Y.^^""'^^* ■ K{%,,¥,)) ■ t:[{{T ^-.^^„)^,/\y,)t^. 

105 



By the assumption fl7.3.3.ip . each term in the second summation in the second hne of 
fl7.3.3.6p is 

7r;p!/,'((r., A^0)'°' = /!^!((r., A^0)'°'- 

Thus the equahty (17.3. 3.5p follows. 

2. Similarly as above, the left hand side of the equality f l7.3.3.4p is equal to 
(7.3.3.7) 

^ J2 TT^\T,H:{U„¥e))-7c[{{rr,Av')y°^ + j^ Yl ciimif:(f/„F,)-7r;((r,,Ay0y°" 



\tl ^^ \tl 

Substituting (I7.3.2.ip . we see that the first term in (17.3.3. 7p is equal to 

^ Y^ Tr^^(a:l)-^$^Tr^^(a*:iJ:(^„F,))-vr[((r,-v(.)p,Av^Oy°^- 

Hence, similarly as above, by the assumption (17.3. 3. 3p . it is further equal to 

^ Y /.vr-((r.,A^0y°^ = /!4^!^*((Af/,Af/))^°^ = /!((Aa,A^)y°^. 

Similarly, the second term in (I7.3.3.7P is equal to Xc(f^fj)times r^ ^1-6^(0 ^i ((^r, Ay/))^°s = 
((Av, Ay))^°s and the equality 07.3.3.41) follows. ■ 

We derive from the crucial step Proposition 16.3.21 a sufficient condition on a relative 
curve for the assumptions (17.3.3. ip and (17.3. 3. 3p of Proposition 17.3.31 to be satisfied. 

Proposition 7.3.4 Let /: V -^V he a smooth morphism of separated regular flat schemes 
of finite type over S . Let i be a prime number invertible on S and T be a locally constant 
constructible sheaf of ¥ ^-modules on U satisfying the condition (17.31 0.1). We consider a 
commutative diagram (J7.3.0.3P satisfying the condition ( 17.31 0.4). Assume that the pull-back 
7i'*R'^f\7i^,¥i is constant on V . 

We assume that U' and V are integral. Let f] and t]' denote the generic point ofU' and 
ofV respectively and let f] be a geometric point above rj. Let a E G and r = ip{o') E H be 
non-trivial i-regular element. 

We also consider a commutative diagram 



U' -^ X CD 



(7.3.4.1) 



/' 



/' 



V -^ Y 



of separated schemes of finite type over S satisfying the following condition: 

(17.3.41 2) There exist d sections (r^ : F — )■ X)k such that the pair (X, (r^)) is a d pointed stable 
curve of genus g over Y and that D = Y[k=i '^k{Y). The schemes X and Y contain 
U' C X and V gY as dense open subschemes, Xyi = X Xy V is smooth over V . 
andU' = Xv'\Dv'. 

Then, we have 

(7.3.4.3) /!'((r., Al^s)) = TT''^{a*,H:iV^,¥,)) • ((F,, A'^^)) 

in FoG(j:v'/vy)Q, 
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Proof. Let T C VxyV he the graph F^ of r and define Xj. , X), etc. as in Proposition 
16X21 Let (X^^^ Xt X^^V C {x!^^ x^ X^^^ be the log product and the log blow-up. 
Then, the closed immersion 7 = (1, cr) : Xj. — )■ Xj. Xj- Xj. is uniquely lifted to a closed 
immersion 7': X^"*^^ — )■ (X^"*^^ x^-X^^Y- Let T' C (X^"*^^ Xj-X^^')' denote the image of 7' and 
we put r = r'n(X^^^ XrX^^^ . Then, f is fiat over T and we have fr]{u}^^ XtU}^^) = T^. 

By applying Proposition 16.3.21 to X — > F , we obtain a finite family {Ki)i^j of finite 
extensions of K, a family (7^: Spec Ki — )■ T)jg7 of morphisms over S and a family {ri)i^i 
of rational numbers satisfying ((T, Ay^)) = X]j^j[7j('5j)] ^^^ 

(7.3.4.4) i;'((r, Aj^)) = 5^r,Tr((7;r)*: KiU'^^M)) ■ Ms.)] 

i 

Thus, it suffices to show 

(7.3.4.5) Tr^'-(a*,i7:(l^',F,)) = Tr((7;r)*: i/:([/^^, Q,)) 

for each i. 

The map 7^ : Spec Kj — )• T is extended to a map 7^ : Spec Oxi — ^ ^ and induces a log 
point 7i : Sj — )■ Y. Let y/ be the log strict localization and let f be the automorphism 
of Yg^ induced by r. We lift the geometric point f/ — > F' to f] — )■ Yg.. Let fj G F/ be the 
image of fj and let fj be the quotient r//(f). We take an ^-regular lifting r G Gal(f//f/) of 
f G Gal(f7/f7). Then, f is a lifting of f of pro-order prime to £. Hence, by applying Lemma 
17.3.11 2.. we obtain 

Tr^'-(a*, H:{V;^, F,)) = Tr(o-* o f *, i/;(V^', Q,)). 

We deduce fl7.3.4.5p from Proposition [L621 We show that F' C (X^^^ x^X^^^)' satisfies 
the conditions in Proposition 11.6.2"! By [261 Proposition 1.1.6.2], the inclusion (ll.6.2.ip is 
satisfied. As we have observed above, F C F' is fiat over T. Thus F' satisfies the conditions 
in Proposition 11.6.21 We define a map Fj — )■ S* satisfying (11.6.21 2). We consider the map 
Y — )■ Mg4 to the moduli of d pointed stable curves of genus g defined by the pointed 
stable curve (X, (r^)). Let 5* be the strict localization of A^g,d at the geometric point i. 
Then, the map Yt ^ S satisfies the condition (11.6.21 2). 

Since f is compatible with f, we may apply Proposition 11.6.21 and we obtain 

Tr(a*of*,/J:(V^',Q,)) = Tr((7;F)*: //^(f/^^, Q,)) 

Thus, the equality (17.3. 4. 5p is proved. ■ 

Similarly, if K is of characteristic 0, we have the following variant. 

Proposition 7.3.5 We assume K is of characteristic 0. Let the assumption he the same 
as in Proposition }? .'SM except that U is a scheme over K and that we do not assume a or 
T be non-trivial. Then, the equality (I7.3.4.3P holds in FqG{Yp)q. 

We leave the proof to the reader. We derive a conductor formula for relative curves 
from Proposition 17.3.31 
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Corollary 7.3.6 Let f : U ^ V be a smooth morphism of separated regular flat schemes 
of finite type over S and let I he a prime number invertible on S . We assume that U and 

V are connected. Let f : X ^ V he a proper smooth curve with geometrically connected 
fibers of genus g and let D be a divisor of X finite Stale of degree d over V such that 
U = X \ D and 2g - 2 + d > 0. 

1. For a locally constant constructible sheaf T of W^-modules on U , there exists a 
finite Stale covering it' : V ^ V such that we have an equality 

(7.3.6.1) SwvRfiJ" - rank J" ■ Swyi^/iF^ = /iSw^/J^ 

in FoG{^v'/vV)Q((;^o.)■ 
2. Assume that K is of characteristic and that the schemes U and V are schemes 
over K . Then, we have 

(7.3.6.2) Swyi?/,F, = -/,((A^, A^))'°s + xc(f/^) ■ ((Av^, Av))^"^ 

Proof. We define a commutative diagram (17.3.0.31) satisfying tlie condition (17.31 0.4). 
Let TT : f/' — )■ [/ be a G-torsor for a finite group G tliat is tamely ramified with respect to 

V such that the pull-back 71*^-" is a constant sheaf on U' . Let X' be the normalization of 
X in f/'. Then, X' is a proper smooth curve over V and contains U' as the complement 
U' = X' \ D' of a finite fiat divisor over V. Let it' : V ^ V he a finite etale i/-torsor 
trivializing the Stein factorization of X' — t- V and the etale covering D'. Replacing U' 
by a connected component oi U' Xy V and G by the stabilizer in G x H, we obtain 
a commutative diagram (I7.3.0.3P satisfying the condition (17.31 0.4). Then X' — )■ V has 
geometrically connected fibers of genus g' and D' is the union of d' disjoint sections. By the 
assumption that 2g — 2 + d>0,we have 2g' — 2 + d' > 0. Hence, with an ordering of sections 

V — )■ D', the pair (X', D') defines a d' pointed smooth stable curve of genus g'. Further 
replacing V if necessary, we may assume that TT'*R'^f\¥i, 7r'*R'^fiJ-' and 7r'*R'^f\7j/n7j are 
constant on V for some integer n > 3 invertible on S. 

Let V — )■ A^g',d',n be the morphism to the moduli space defined by the d' pointed 
smooth curve X' of genus g' over V. Let Y' be a proper scheme over S containing V as 
an open subscheme. By replacing Y' by the schematic closure of the graph of the map 

V — )■ Aig',d',n in Y' Xi M.gi^d',n, we may assume that V — )■ A^g',d',n is extended to a 
morphism Y' — )■ M.gi^d'.n- The pull-back Xy, — )■ Y' of the universal family by the map 
Y' — )■ M.g'4'^n is a pointed stable curve over Y' and satisfies the condition (17.3.41 2). 

Thus, the assumptions in Propositions 17.3.41 and 17.3.51 are satisfied. By Propositions 
17.3.41 and 17.3.51 the assumptions (17.3. 3. ip and (17.3. 3. 3p in Proposition 17.3.31 are satisfied 
respectively. Thus the assertion follows. ■ 

7.4 Swan class of a constructible sheaf 

In the rest of this section, we assume that the characteristic of -ft' is 0. We define the Swan 
class for a constructible sheaf on a scheme over K. 

For a separated scheme U of finite type over A', let K{U, F^) be the Grothendieck group 
of constructible F^-sheaves on the etale site of U . More precisely, it is the quotient of the 
free abelian group generated by the isomorphism classes [J-"] of constructible F^-sheaves 
J^ on the etale site of U divided by the relations [J-"] = [J-"'] + [J-""] for exact sequences 
^ J^' ^ J^ ^ J^" ^ 0. 
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Lemma 7.4.1 The abelian group K{U,¥g) is generated by the classes [iiJ-'] where i : 
Z ^ U is a locally closed immersion of smooth subscheme and J^ is a locally constant 
constructible sheaf of ¥i-modules on Z. The relations are given by 

(7.4.1.1) [z.J^] = [i,T'] + [i,J^"] 

for exact sequences — ?► J-"' — > J-" — t- J-"" — ?■ o/ locally constant constructible ¥ n-modules 
on Z and 

(7.4.1.2) [^,^] = [201-FUJ + [iv.J'W,] 

for smooth locally closed subschemes Zi d Z where Iq : Zq = Z \ Zi ^- U and ii : Zi ^ U 
are the immersions. 

Proof. We consider the free abelian group generated by the classes [i\J-'] where i : 
Z -^ U are locally closed immersions of smooth subschemes and J-" are locally constant 
constructible F^-modules on Z. Let K' denote its quotient by the relations (17.4. l.ip and 
(I7.4.1.2p . Clearly, we have a canonical map K' — )■ K{U,¥i). The inverse is defined as 
follows. 

For a constructible sheaf J-' on U, there exists a finite partition U = YiiUi by smooth 
schemes such that J-'\ui are locally constant. It follows from (I7.4.1.2p that the sum ^J^lc/J 
is independ of the partition. Thus, the class [J-'] = XlJ-^kJ ^ ^' i^ well-defined. Further, 
the equalities (17.4.1.11) and (17.4.1.21) implies [J-"] = [J-"'] + [J-""] for exact sequences — )■ 
J-"' —7- J-" —7- J-"" — 7- 0. Thus, the map K{U,¥f) — )■ K' is well-defined and is the inverse of 
the map K' —)■ K{U, ¥() above. ■ 

Proposition 7.4.2 For separated schemes U of finite type over K , there exists a unique 
way to attach morphisms 

(7.4.2.1) Swt/: K{U,¥,) ^ FoGidpU^^^^^^ 

satisfying the following properties: 

(1) IfU is smooth over K and if J^ is a locally constant constructive sheaf of ¥e-modules 
on U , we have Sw(/([J^]) = Sw[/J^. 

(2) For an immersion i: U' -^ U, the diagram 

K{U,¥e) ^^ FoG{dFU)Q(^^^^) 
(7.4.2.2) 

K{U',¥,) ^^^^ FoG{dFU%(^^^^) 
is commutative. 

Proof. By (1) and (2), the map Sw(7 is characterized by Swu{[i\J^]) = iiSwifJ^ for 
a locally constant constructible sheaf J-" on a regular subscheme U' and the immersion 
i: U' ^ U. Hence the uniqueness follows from Lemma 17.4.11 Further by Lemma 17.4. ![ 
the existence follows from Proposition 17.2.51 ■ 

We define a modification of the map Swu with stronger compatibility for push-forward. 
For a separated scheme U of finite type over K, let Const (f/) be the Z- module of con- 
structible Z-valued functions on U. For a constructible F^-sheaf J-" on U, let rank J-" G 
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Const (f/) be the constructible function defined by rank J-'(x) = dim J-"^. Let rank: K{U, ¥i) — >■ 
Const (f/) be the homomorphism sending the class [J-'] to the function rank J-". 

Similarly as Proposition I7.4.2[ we have a map Chj/: Const(t/) — )■ FqG{Uf)q charac- 
terized as follows. 

Lemma 7.4.3 For separated schemes U of finite type over K, there exists a unique way 
to attach morphisms 



(7.4.3.1) 



Che;: Const(f/) -^ F^GidpUy 



satisfying the following properties: 

(1) If U is smooth over K , for the constant function lu , we haveChi/^lu) = ((A^/, A(7))^°§. 

(2) For an immersion i: U' ^ U, the diagram 



Ch 



Const (f/) ^^^ FoG{dFU)i 



(7.4.3.2) 



Const (f/') 



Chr 



^ FoGidpU') 



is commutative. 

Proof. It follows from the excision formula Theorem 16.2.21 ■ 

Definition 7.4.4 Let U be a separated scheme of finite type over K . For a constructible 
¥ II- sheaf J^ on U , we define the total Swan class SwuJ^ € FqG{Uf)q{(; oo) by 



(7.4.4.1) 



Swc/J-" = Sw[/J^ — Ch;7(rank J^). 



Corollary 7.4.5 1. Assume U is smooth and J^ is a locally constant constructive F^-sheaf 
of constant rank on U. Let f : V ^ U be a finite Stale G-torsor for a finite group G such 
that 71* J^ is a constant sheaf. Then, we have 



(7.4.5.1) 






2. For separated schemes U of finite type over K , the collection of the maps Swjj : K{U^ F^) — >• 
FQG{dFU)Q{c oo) is characterized by the following properties: 
(1) Under the assumption in 1., we have 



(7.4.5.2) 



Sw 



um) = -^ETr'''(^ ■ M) ■/!((r.,Av))'°^. 



aeG 



(2) For an immersion i: U' ^ U, the diagram 



K{U,¥e) ^^ FoG{dF 



pOo) 



(7.4.5.3) 



is commutative. 



T^;= . Sw 



K{U',¥,) —^ FoG{dFU') 



110 



Proof. 1. We have 

(7.4.5.4) S^uJ" = Swf/J- - rank J^ ■ ((At/, At/))^°s. 

Thus, the equahty (17.4.5. ip follows from definition (I7.2.1.4p of the Swan class and the 
equality |G| ■ ((A^, Ac;))i°s^E.eG Mr., Av^))i°g. 

2. We define the map Sw^/ by Sw^/ = Sw^/ — Chu o rank. Then, the commutative 
diagram (17.4. 5. 3p follows from (17.4. 2. 2p and (I7.4.3.2p . The uniqueness is clear from Lemma 

[7xn ■ 

7.5 Conductor formula 

We keep the assumption that K is of characteristic 0. We show that the diagram (17.4. 5. 3p 
is commutative for arbitrary morphisms over K. 

Theorem 7.5.1 Let f : U ^ V be a morphism of separated schemes of finite type over 
K . Then, the diagram 



(7.5.1.1) f. 



/! 



is commutative. 

Proof. It suffices to show the equality 
(7.5.1.2) S^vlfiJ"] = f'S^ulJ"] 

for a constructible sheaf J-" on U. We prove this by induction on the dimensions of U and 
V. By a standard devissage, it suffices to show that there exist dense open subschemes 
U' CU,V' CV such that f{U') C V and that we have 

Swy/[/|c//!J'|t//] = fiSwu'lJ'lu']. 

Hence, we may assume the following condition is satisfied. 

• The sheaf J-" is locally constant and the scheme V is smooth. 

The formula (17.5. 1.2p is compatible with the composition of morphisms. Hence, we may 
further assume the following. 

(17.5.11 3) The morphism /: U ^ V is smooth of relative dimension < 1. 

The formula (17.5. 1.2p is proved for a finite etale morphism in Corollary 17.2.71 Hence, 
further by devissage, we may replace the condition (17.5.11 3) by the following. 

(17.5.11 4) There exist a proper smooth and geometrically connected curve f : X -^ V oi genus 
g and an open immersion U —> X such that U is the complement of a divisor D G X 
finite and etale over V of degree d such that 2g — 2 + d > 0. 
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Then, applying Corollary l7.3.6[ we obtain the equahties (17.3.6. ip and (17.3. 6. 2p . The equal- 
ity (I7.5.1.2P follows from them together with (I7.4.5.4p . ■ 

We derive some consequences of Theorem 17.5.11 

Corollary 7.5.2 Let f : U -^ V he a smooth morphism of smooth separated schemes of 
finite type over K . Assume that -R^/iF^ is locally constant for every q > 0. 

1. Let J-' be a constructible sheaf ofFi-modules of constant rank on U . Assume that 
R'^ftJ-' is locally constant for every q >0. Then, we have 

(7.5.2.1) SwvRfiJ" = fiSwuT + rank J" ■ SwyRfrWe 

in Fo(9fV^)q(^^^). 

2. We have 

(7.5.2.2) SwvRfW, = rank i?/,F, ■ ((Ay, Ay))'°s _ /,((Ac;, A^))i°s 
znFo(9^r)Q(^^^). 

Proof. 1. Since rank Rf\J^ = rank J-" ■ rank -R/iF^, it suffices to apply Theorem 17.5.11 
to [J^] -rank J^- [F^]. 

2. It suffices to apply Theorem 17.5. II to [F^]. ■ 

If there exist a proper smooth scheme f : X ^ V and a divisor D oi X with normal 
crossings relative to V such that U is the complement X\D, the assumption of Corollary 
17.5.21 is satisfied. Further, if d denotes the relative dimension of X over V we have 

rank Rf,¥e = (-l)'deg Cd{n],/y{\ogD)). 

In particular, for V = Spec K, we have the following. 

Corollary 7.5.3 Let U be a smooth separated scheme of finite type over K and J^ be a 
smooth ¥i-sheaf of constant rank on U . Then, we have 

(7.5.3.1) Sw/ci?rc(f%,-F) = deg Swt/-F + rank J^-Swi^i?rc(LV,F^), 

(7.5.3.2) Sw;,i?r,(f/-^,F,) = -deg((Ac/,Af/))'°*^'. 

The equality (I7.5.3.2p implies the conductor formula of Bloch in the case proved in 
[25] as follows. We assume that U is proper smooth over K and X is a proper regular 
flat scheme over S = Spec Ok such that U = X^ and the reduced closed fiber Xp^-^d is 
a divisor with simple normal crossings. Then, by Proposition 14.3.71 and [25, (5.4.2.6)], we 
have ((A^,A^))' ff )^ = {{Au^Au))'^^,^^^. = (-l)'^Q(fi^/^(log/log))x,. Thus, in this 
case, the equality (I7.5.3.2p is equivalent to [25, Theorem 6.2.5] and hence to the conductor 
formula of Bloch [1]. 
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8 A computation in the rank 1 case 

We compare the Swan class of a sheaf of rank 1 with the cycle class defined in [231 Section 
5.1]. Using the computation, we prove the integrality conjecture Conjecture 17.2.81 under 
the assumption dim. Uk < 1- 

8.1 Ramification of characters 

We briefly recall the theory of ramification of characters of Galois groups in J20]. For a 
field K, let Xk denote the dual group iJ^(-ft', Q/Z) = H'^{K,'Z) of the abelian quotient 
G^ of the absolute Galois group Gk = Gal{K / K) . The cup-product defines a canonical 
pairing 

(8.1.1.1) {,)k:XkxK''= H\K,Z) x H^{K,Gm) ^ Br{K) = H\K,GJ. 

Assume if is a henselian discrete valuation field and let F be the residue field of 
characteristic p > 0. We identify a character x ^ ^f with the corresponding unramified 
character x ^ ^k and regard Xp as a subgroup of Xk- For a E F, let Xa £ Xp be the 
character defined by the Artin-Schreier equation T^—T = a. We define a map x'- F —> Xk 
by sending a E F to Xa & Xp C Xk- We put r2i?(log) = F ®Ok ^Oa-I^os)- This is an 
F-vector field fitting in an exact sequence — )■ VLp -^ ^F(log) — ?■ F — )■ 0. In [201 (1-4)], it 
is shown that there exists a unique map A^: r2i?(log) — > Br{K) that makes the diagram 

F X K^ > ^Fllog) 

(8.1.1.2) xxi 

Xk X K"" ^-^ Br{K) 

commutative. 

The main construction in [20^ Definition (2.1)] is the increasing filtration F, of Xk 
indexed by r G N. We have Xk = [Jr>o ^rXK- The subgroup FqXk consists of the 
characters at most tamely ramified. For r > 1, we put Uk = 1 + tn^ C K^ . Then, the 
pairing { , )k- Xk x K^ maps F^X^ x f/]^ for r > 1 and FqXk x K^ to Im A^- C Br{K). 
For an extension L of henselian discrete valuation field such that Ok = K (1 Ol and 
^kOl = iTi|, the canonical map Xk — )■ Xl sends F^-Xk to Fr-eXi. 

For r > 1, we put Grf X^ = Fj.Xk/ F^-iXk- A canonical injection 

(8.1.1.3) rsw,,^ : Grf X^ -> Hom^(m^Jm^+\ ^Fi\og)) 

is defined in [201 Corollary (5.2)]. It is characterized by the following properties: 

(1) For X £ F^Xk and c G m'J^, we have 

(8.1.1.4) (x, 1-c)k = Ax(rsw,,;,(x)(c)). 

(2) Let L be an arbitrary extension of henselian discrete valuation fields such that Ok = 
K n Ol and vukOl = tn|. Let Fl denote the residue field of L. Then, the diagram 

(8.1.1.5) 
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is commutative. 

For an element x ^ F^Xk \ Fr-iXx-, the injection 

(8.1.1.6) rsw,,x(x) : m5,/m"/i -^ fi^(log) 

is called the refined Swan character of x and will be denoted by rsw x- 

We compute the refined Swan character of a Kummer character of degree p explic- 
itly. Assume that K is of characteristic and the residue field F is of characteristic p. 
Assume further that K contains a primitive p-th root C,p of 1. We identify "L/pl, = fip 
by Cp and the p-torsion part Xk[p] = H^{K,Z/pZ) with K^'/K'^p = H^{K,Hp) by the 
isomorphism 6: K^ / K^^ — )■ X;^[p] of Kummer theory. For a G -ft'^, let ^^ G Xx[p] denote 
the corresponding character. 

We put z = C,p — 1. Then, we have z^ + pz = {z + ly — 1 = Q mod pz"^ . Hence, for 
an element a G Ok-, the reduction of the Kummer equation (1 — ztY = 1 — az^ gives the 
Artin-Schreier equation t^ — t = a and the unramified character Xa ^ ^ii'[p] is identified 
with 1 — az^ G K^ / K^^. In other words, we have a commutative diagram 

K^jK^v _1^ Xk[p] 

F -^ Xf[p]. 

Proposition 8.1.2 Let K be a henselian discrete valuation field of mixed characteristic 
(0,p) containing a primitive p-th root (p of 1. We put e' = p- ord/^(Cp — 1) = ord-xz^ . We 
define a decreasing filtration F* on K^ / K^^ by F"^{K^ / K^^) = Image U^ for m > 1 

and by F^{K'^/K'^p) = K'^/K'^p. 

1. The isomorphism 6: K^ / K^^ — )■ Xi^[p] induces an isomorphism 

(8.1.2.1) F"(irVir^^) ^ FrXK[p] 

for 0<m = e' — r<e'. In particular, we have Fg/Xxlp] = Xk[p]- 

2. For a G K^ , the map 

(8.1.2.2) rswe',i^(^a) : m^/m^+^ ^ fip(log) 

sends z^c to —c ■ dloga. 

3. For l<m = e' — r<e' and a = 1 — b E U"^, the map 

(8.1.2.3) Tswr,Km ■■ m5,/m5+i ^ fi^(log) 

sends z^c to be ■ dlogb. 

Proof. We identify the p-torsion part Br{K)[p] = H'^{K,fip) with H'^{K,fif'^) by (p. 
Then, for a,b E K^ , the cup-product {9a, b)K G Br{K) is identified with the Galois symbol 
{a, b} = 9aU9b E H'^{K, fJ.p'^). Let a G K^ and let L be an arbitrary extension of henselian 
discrete valuation field. Then, for c G Ol, we have 

(8.1.2.4) {9a, 1 - zPc)l = {a, 1 - z^c} = -{1 - z^c, a} = -{xc, a)^ = -\l{c ■ dloga). 
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By the characterization of tsWj-^k, the equahty fl8.1.2.4p imphes that the map rsWj,,i^ is the 
zero-map for r > e'. Hence, by the injectivity of rsWr,x, we have Gr^ -^xip] = for r > e'. 
Thus by X^ = |J^>Q-FrXx, we obtain Fe'Xxlp] = X^lp]- Now, the equahty fl8.1.2.4p 
imphes the assertion 2. 

To show the remaining assertions, we use the fohowing elementary lemma on the symbol 
map. 

Lemma 8.1.3 ( |19L Lemma 6]) For b,c E K^ \ {1}, we have 

(8.1.3.1) {1 - 6, 1 - c} = {1 - 6c, -6} + {1 - 6c, 1 - c} - {1 - 6c, 1 - 6}. 

Proof of Lemma. Since {x, y} = for x,y E K^ satisfying x + y = 1, we have 

1 - 6c 1 r , 1 - 6c 

1 - 6, 1 - ^ ^ = U - 6c, 1 



1-6 I 1 ' 1-6 

Since 1 — = ; — , the right hand side is equal to that of fl8.1.3.ip . Further, 

1—6 1—6 

since H = 1, the left hand side is equal to that of fl8.1.3.ip . ■ 

1—6 1—6 

We go back to the proof of Proposition 18.1.21 Let 1 < m = e' — r < e' be an integer, 

6 G m^ and put a = 1 — 6. Let L be an arbitrary extension of discrete valuation field 

_ e' +1 

and c e xxijPOi be an arbitrary element. Since Ujj" C L^^ for e^ = ord^z^, we have 
{Uj^ , f/^} = by Lemma [8.1.3[ Hence, by 6, z^c G itil, we have 

(8.1.3.2) {Oa, 1 - z^c)l = {1 - 6, 1 - z^c} = {1 - hcz^ , -6} 

= (Xfe^, -&) L = Al (6c ■ rf log( -6) ) = Al (6c ■ (i log 6) 

further by Lemma 18.1.31 

Similarly as above, the equality (I8.1.3.2p together with the characterization and the 
injectivity of isWn,K shows that 9 maps U"^ to Fj.Xii-[p], by induction onl<?Ti = e' — r< 
e'. Further the equality (I8.1.3.2p implies the assertion 3. Hence, the composition of the 
map 

Gr^(Kx/^''^) = m?/<^' ^^ GrfXx ^^^^^ i/om^ (m5,/m5+\ fi^ (log)) 

sends 1 — 6 to the map c i— ?■ 6c/2;^ ■ d\ogh and is an injection. Since 6: K^ / K^^ — )■ Xx[p] 
is an isomorphism, we conclude 0{U'^) = FrXx[p]- ■ 

8.2 Kummer covering of degree p 

We apply the theory recalled in the previous section to the following geometric situation. 
Let i^ be a complete discrete valuation field of characteristic with perfect residue field 
F of characteristic p > 0. Let X be a regular fiat separated scheme of finite type over 
S = Spec Ok and D be a divisor with simple normal crossings. Let Di, . . . , Dn be the 
irreducible components of D. For an irreducible component Di, let Ki be the fraction field 
of the completion Ox,£^i of the local ring at the generic point C,i of Di. The residue field 
Fi = K{C,i) of the complete discrete valuation field Ki is the function field of Di. The fiber 
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Q]^,g(\ogD)^^ ®Oxc ^i is identified with the Fj-vector space flp^(\og) in the notation of 
the last subsection. 

Let X ^ H^ll/jQ/Tj) be a character. Then, for each local field Ki, the restriction 
defines a character Xi ^ ^Ki- By the ramification theory recalled in Section I8.lt the 
Swan conductor r^ = swkXXi) > is defined for each Ki. We define the Swan divisor 
by D^ = ^^i^-jDj and let E = J2ir>o^i t)e the support of D^. For each irreducible 
component Di such that Tj > 0, the refined Swan character rswi^^(xi) defines a non-zero 
map 

Ox{-D^)i, ®o^,,^ F, = m^^ym^+^ ^ ^^/^(logD)^^ ®o^^^ F^ = fi^,(log). 

In [20| Theorem (7.1), Proposition (7.3)], it is shown that there exists an (!?£;-linear map 

(8.2.0.1) rsw X- Ox{-D^) ®Ox Oe -> n\,s{\ogD) ®Ox Oe 

inducing rswi^.(xj) at each generic point. 

Definition 8.2.1 We say that x is clean with respect to X if the map isw x'- Ox{—Dx)^Ox 
Oe -^ ^x/5(i°S-D) ®Ox ^E is a locally splitting injection. 

Assume x is clean with respect to X . Then, we say that x is s-clean with respect to X 
if, for each irreducible component Di of E, the composition 

Ox{-D^)®OxOd, ^^^^ n\is(\ogD)®OxOD, ^^ On, 
is either an isomorphism or the zero-map, depending on Di. 

It is conjectured in [23] that for any x, there exists a proper modification X' of X such 
that X is clean with respect to X', see Lemma [8.2.61 3. 

We compute the Swan divisor D^ and the map rsw x (I8.2.0.ip for a Kummer character 
X of order p explicitly. 

Lemma 8.2.2 Let A he a regular local ring such that the fraction field is of characteristic 
and the residue field is of characteristic p > . Let ti, . . . ,tn E A be a part of regular system 
of parameters. Assume that A contains a primitive p-th root Qp of 1 and that ti, . . . ,t„ 
divide p. Let Ki be the fraction field of the completion Oxi of the discrete valuation ring 
A(i.) for each i. 

Let m = (mi, . . . , m„) be a family of integers satisfying < nii < e[ = p ■ ordi^.(Cp — 1) 
and let F""A^ denote the subgroup 1 + f^^ ■ ■■t]!^"A for m ^ and FM^ = A^. Then, 
the inverse image of ^^F'^'lK^ /K^^) C @^Kf /Kf' by the canonical map A'^ /A'^^ — )■ 
@^Kf/K^^ IS the image ofF'^A''. 

Proof. First, we show the case where n = 1. We prove it by induction on m = mi. 
It is obvious for m = 0. Assume m = 1 and that the image of a G A^ in K^ / K^^ is in 
F^{K^ /K^^). Let Fi denote the residue field of K^. Then, we have a e F^^ . We put 
a = V for h G F^ . Since h is integral over the normal ring A/tiA, we have h G A/tiA and 
h G {A/tiAY. Take a unit c e A"" lifting h. Then, a/c^ is in FM^ = 1 + tiA. 

Assume m > 1 and that the image of a G F'^A'^ = 1 + f^A is in F"^^^ {K^ / K^^) . If 
p t m, we have a G 1 + C+^Cxi- Since A n C+^C^i = C^^^, we have a G F^+^A^ 
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Assume p\m and we put a = l + t™6. Then, we have b G Ff. Similarly as above, there is an 
element ce A such that b = c^ mod ti. Then, a/(l + t™/Pc)P is in F™+M^ = 1 + tf +M. 
We prove the general case. Assume that the image of a G A^ is in ^^ F"^^ {K^ / K^^) . 
Then, for each i, there exists a^ G A^ such that a/af G F'"'^^. Let m^ > be the smallest 
integer satisfying p ■ m[ > rrii. Then, since the p-th power map {A/t^ ')^ — )■ {A/t"^^)^ is 
injective, the class Oj G {A/t^ ')^ is uniquely determined by the condition a/a^ G F^^A^. 
Further, for i j^ j, the p-th power map {A/{t^ \tj ^))^ — )■ {A/(t^\tJ'^))^ is also injective. 

Hence, there exists a unique element b G {A/t^^ ■ ■ ■ t™"A)^ satisfying b = ai mod tj"*'. Let 
c G A^ be a unit lifting 6. Then, we have a/d' is in F'^A^. ■ 

Corollary 8.2.3 Le^ x ^ iF^{U,'L/p'Ij) he a character of order p and x E D be a point. 
Let Di, . . . , Dn be the irreducible components of D containing x and put D^ = ^^ riDi on 
a neighborhood of x. We put A = Ox,x o,nd, for each irreducible component Di, we put 
e[ = p ■ ordi^^(Cp — 1) and rrii = e[ — Vi. 

1. On a neighborhood of x, there exists an element a G T{U, O^) such that x is defined 
by t^ = a and satisfying one of the following conditions: 

.2.31 1) ordjO is prime to p for at least one Di. 

.2.31 2) a is a unit at x and its image in A^ is in F"^A^ in the notation of Lemma \8.2.2[ 

2. Assume D^ = Yli ^i^i and let a be as in 1. Then, the map 

rsw X- Oe{-D^) -^ fi^/cj(logD) ® Oe 

sends z^ to —d\oga. 

3. Assume D^ < ^iG^Di. Then, the condition (18.2.31 2) holds. Let b he a basis of the 
invertihle sheaf Ox {—^ifrtiDi) on a neighborhood of x. We put a = 1 — 6c G O^ and 
c G Ox on a neighborhood of X as in (18.2.31 2). Then, the map 

rsw X- Oe{-D^) -^ n],/si^ogD) ® Oe 

sends a ■ z^/b to c ■ dlogb + do. 

Proof. 1. Let a be a rational function on X such that x is defined by t^ = a on 
the generic point. The regular local ring A = Ox,x is a UFD. Hence, we may assume 
< ordj^a < p for every discrete valuation defined by a point ^ G X of codimension 1, 
after dividing a by the p-th power of a rational function and shrinking X if necessary. For 
a point y G X of codimension 1, if the valuation of a at y is not divisible by p, then x is 
ramified at y. Hence, a is a unit on U. Further, if the condition (18.2.31 1) is not satisfied, 
then a is a unit at x. Then, by Lemma 18.2.21 after dividing a by the p-th power of a 
rational function, the condition (18.2.31 2) is satisfied. 

2. 3. Clear from Proposition 18.1.21 and the equality —da/b = c ■ dlogb + do. ■ 

We give a condition for character x of order p to be clean. 

Proposition 8.2.4 Let x ^ H^{U, Z/pZ) be a character of order p and x E D be a point. 
Assume that x is not tamely ramified atx. Let Di, . . . , Dn be the irreducible components of 
D containing x and let C denote the intersection Di fl ■ ■ ■ fl D^ . We put D^ = ^ ^ riDi > 
as in Corollaru \8.2.3[ 
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For each irreducible component Di, we put e[= p ■ ord/). (Cp — 1) and m^ = e[ — Tj. Let 
ti G r(X, Ox) be an element defining Di. 

1. Assume D^ = Y^. e[Di. Then, x is clean at x if and only if on a neighborhood of x, 
there exists an element a E T{U, O^) such that x is defined by t^ = a and satisfying one 
of the following conditions: 

(18. 2. 41 1) ordja is prime to p for at least one Di. 

(18.2.41 2) a is a unit at x and da\c is non-zero at x. 

2. Assume D^ < 'Ylii^'fii. Then, x is clean at x if and only if, on a neighborhood of 
X, there exists an element a G V{U,0^) such that x is defined by t^ = a and satisfying 
one of the following conditions: 

fl8.2.4[ 3) a = 1 — M ■ t^^ ■ ■ ■ t™" for a unit u at x and, for at least one Di, the integer rrii is 
prime to p. 

(18. 2. 41 4) a = 1 — c ■ t™^ ■ ■ ■ t"^" for a regular function c at x such that dc\c is non-zero at x. 

Proof. We have an exact sequence — )■ fij. — )■ Q,]^,g{\ogD) ^q^ Oq —^ 0i C^c — ^ 
and {dlogti)i defines a splitting. Hence, if tlie condition (18.2.31 1) liolds, then x is clean 
and we have D^ = J2i ^i^i- Thus, it suffices to consider the case where (18.2.31 2) holds. 

1. Assume D^ = ^^ e^Dj and hence mj = for every i. Then, x is clean if and only 
da\c is non-zero at x. 

2. Assume D^ < Ylt^i-^i ^^^ hence rrii > for some i. Then, by Corollary 18.2.31 1. 
there exists a regular function c at a: such that x is defined by t^ = a for a = 1—c-t^^ ■ ■ -t. 
By Corollary 18.2.31 3. and by the local splitting above, x is clean if and only if either 
c ■ (mj)j G 0^ Oc or da G i7^ is non-zero at x. The condition that c ■ (mj)j G 0^ Oc is 
non-zero at x means that c is a unit at x and one of rrii is prime to p. The second condition 
is equivalent to 08.2.41 4). ■ 

Corollary 8.2.5 Let the assumption be as in Proposition 18.2.41 

1. Assume D^ = ^^ e^-Dj. Then, x is clean at x if and only if x is s-clean at x. 

2. Assume D^ < ^^ e^-Dj. Then, x is s-clean at x if and only if, on a neighborhood of 
X, there exists an element a G r{U,0^) such that x is defined by a and satisfying either 
the condition (18.2.41 3) or the following condition: 

(I8.2.4[ 40 a = 1 — c ■ t^^ ■ ■ -t™" for a regular function c at x such that dc\c is non-zero at x 
and, for every Di, the integer mi is divisible by p. 

Proof. 1. If the condition (18.2.41 1) or (18.2.41 2) is satisfied, then x is s-clean at x. 

2. If the condition (18.2.41 3) is satisfied, then x is s-clean at x. Assume the condition 
(I8.2.4[ 4) is satisfied. Then, in the notation of the proof of Proposition 18 . 2 . 41 2 . x is s-clean 
at X if and only if either c ■ (mj)j G 0^ Oq is non-zero at x or c\c ■ {rni)i = 0. The first 
condition is equivalent to (18.2.41 3). By the condition (18.2.41 4). we have c\c 7^ 0. Hence, 
the second condition c\c ■ {rni)i = is equivalent to that mj is divisible by p for every i. ■ 

We recall the main result from j23] and prove a complement. 
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Lemma 8.2.6 Let the assumption be as in Proposition 18.2.41 Assume dimX;^ + 1 = 2 
and let T, G Tjs '^ D be the sets of points where T is not clean and not s-clean with respect 
to X respectively. 

1. The subsets S and S^ consist of finitely many closed points of D. 

2. [231 Remark 4.13] Let x be a closed point of D and /: X' — )■ X be the blow-up at x. 
If X is clean at x, then x is clean on a neighborhood of f~^{XQ). 

3. [23^ Theorem 4.1] There exists a successive blow-up /: X' — )■ X at T, such that x is 
clean with respect to X' . 

4. There exists a successive blow-up f : X' -^ X at T^s such that x is s-clean with 
respect to X' . 

Proof. 1. Clear from the definition. 

2. 3. See [231 Remark 4.13] and [231 Theorem 4.1] respectively. 

4. By 3., we may assume x is clean with respect to X. Let x G E^. If x is a singular 
point of D, then x is s-clean at x. Hence, x is a smooth point of D and we may assume 
D is irreducible. We put D^ = vD and prove the assertion by induction on r > 0. By [231 
Corollary 4.9] and [201 Theorem (8.1)], we have e = 1 in the notation of [231 Corollary 4.9] 
for the blow-up X' — )■ X at x. Hence, we have r' = r — e = r — l<r and the assertion 
follows by induction. ■ 

For an s-clean character of order p, we give a local description of the normalization in 
the corresponding cyclic covering of degree p. 

Proposition 8.2.7 (cf. |361, Lemma 1]) We keep the notation U = X \ D and x os 

above. Let V be the cyclic Galois covering of order p trivializing x o-nd Y be the integral 
closure of X inV. 

Assume that x is s-clean with respect to X . Then, there exists an fs log structure Aiy 
on Y such that {Y, A^y) is log regular and that V is the maximum open subscheme where 
Aiy is trivial. 

Proof. The proof is similar to that of [SB] Lemma 1]. Since the question is local, we 
may assume that X = Spec A is affine and that the log structure on X is defined by the 
chart P = Yii'^^i ~^ ^ sending the basis Cj to tj defining irreducible components Di oi D. 
By Corollary EXSl it suffices to consider each case (18:2:1 1) - (18:2:1 3) and ( K2Ji 4'). We 
take the notation in Proposition 18.2.41 

( 18.2.41 1) Assume a = uYlit^' where u ^ A^ and p \ rrii for at least one i. We put 
Qo = P X Zcu, Ct = -{^^rriiei + e„) and Qi = Qo + (e^). Let Q C Qf be the saturation 
of Qi. We put Bi = A[t]/{tP ~^Y[i ^T') ^^^ define a monoid homomorphism Qi — t- Bi by 
e„ H- u and Ct i— ?■ t. We define B = Bi ®a[Qi] ^[Q], ^ = Spec B and define a log structure 
My onYhy Q ^ B. 

We show that Y is log regular and is equal to the normalization of X in V. By the 
assumption that there exists m, prime to p, the quotient Qf/Qi = {P^^ x Zei)/Ze„ is 
torsion free. The quotient -B1//1 by the ideal Ji C Bi generated by Qi \ Q^ is equal to 
A = A/{ti] i = 1, . . . ,n) and is regular. Since Bi is fiat over A, we have dimi?i = dim A = 
dimA -\- n = dimi?i//i + rank Qf /Qi ■ Hence, similarly as the proof of [361 Claim], the 
log scheme Y is regular by [211 Proposition (12.2)]. Since the normal scheme Y is finite 
over X and F Xx ^ = ^, it is the normalization of X in V. 

(18.2.41 2) Assume a e A"" and da\c has no zero. We put B = A[t]/(tP - a), A = 
A/{ti, . . . ,tn) and B = A[t]/{t^ — a). By the assumption that da is non- vanishing, the ring 
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B is regular and hence B = A[t]/{tP — a) is the normahzation on a neighborhood of x. 
The open subscheme V oiY = Spec B is the complement of a divisor with simple normal 
crossing defined by (ti ■ ■ ■ t„). 

( 18.2.4I 3) Let -u G A^ be a unit, < nii < e[ he integers and we put b = uYlit^' and 
a = 1 — b. We assume that p f m^ < e^ for at least one i. We put z = (p — 1 as above and 
t = 1 — z/s. Then, by an elementary computation, the equation t^ = a is equivalent to 
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We define a polynomial / G Oxf'S'] of degree p — 1 by / = {S^ — {S — zY)l z'^ . We have 
/ = 1 - SP-^ mod z. We put Bi = A[s]/{sP - f ■ /(/)). We put r^ = e^ - m^ > and 
define a unit w E A^ hj z^/b = w ■ Hi^?- The assumption m^ < e^ for at least one i 
means that z^/b = w -Yl- 1[' is in the maximal ideal at x. Hence, shrinking X if necessary, 
we may assume /(s) is a unit of B. 

We put Qo = P X Zcy,, Cs = ^iJZi^i^i + ^w) and Qi = Qo + (e^). Let Q C Qf be 
the saturation of Qi. We define a monoid homomorphism Qi — > -Bi by e^ i— )■ w ■ /(s) and 
e^ I-)- s. We define B = Bi ®a[Qi] ^[Q], ^ = Spec 5 and define a log structure Aiy on 
y by Q — >■ -B. Then similarly as in the case ( I8.2.4I 1). we see that Y is log regular and is 
equal to the normalization of X in V. 

(I8.2.4[ 4^) Let c E A, < rrii < e'^ he integers and we put b = cYlit^' and a = 1 — b. 
We assume that rui < e[ for at least one i and p divides rrii = p ■ m'- for every i. We also 
assume that dc\c is not at x. We put t = 1 — Ylit^ 's. Then, the equation t^ = a is 
equivalent to (1 — Yli^i '^Y = ^ ~ Ili'^r''^- ^^ define a polynomial g G A[S] of degree p 
by ^ = (5 - rii ^r"^'' + Ui ti""'- Then, as in the case ([H2312), 5 = A[s]/{g{s) + c) is the 
normalization of A. The open subscheme V oiY = Spec i? is the complement of a divisor 
with simple normal crossing. ■ 

We consider the sheaf of differential forms ^y^viy/s defined with respect to the log 
structure Aiy and the trivial log structure on S. 

Corollary 8.2.8 (cf. |36|, Lemma 1]) Let the notation and the assumption be as in 
Proposition \8.2.7\ and a be a generator ofGaA{V/U). LetX„ denote the ideal sheaf defining 
the fixed part Y^ C Y . Then, we have the following. 

1. For each geometric point y of the fixed part Y" , the action of a on the stalk 
J^Y,y/OY^y is trivial. 

2. We define an ideal sheaf J^ of Oy to be that generated by X^ and <T{b)/b — 1 for 
b G M.Y- Then, J^, is an invertible ideal defined by an effective Cartier divisor Drj. 
Further, we have 

(8.2.8.1) ■K*D^ = pD„. 

3. We put D' = {p — 1)-D(j- Then, the coherent Oy-module r2y,^(log/log) defined by 
f2y ,^ (log / log) = Coker(7r*fi^,^(log-D) -^ ^ymy/s) ^^ ^'^ invertible OD'-module. 

4. Define an OY-Unear surjection (p^: ^ymy/s ~^ ^(yl ^a ^V Vaida) = cr(a) — a and 
(Pa-{d\ogb) = (7(b) jb — 1. Then, it induces an isomorphism r2y,^(log/log) ®Oy ^d„ -^ 
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5. We put Ey = {7!'*E)j.cd- Then, the sequence 

> n\.^J^^®OyOEy -^^ OEy{-D„)^Q 

is exact. 

Proof. Since the assertions are local, it suffices to consider the cases f l8.2.4[ l)- fl8.2.4[ 3) 
or (18. 2.41 4^) respectively. 

1. Let tt: y — )■ X be the canonical map. Since the canonical map M.x,-K(y) -^ ■^Y,y 
induces an isomorphism A^^ 7r(i/) ® Q ~^ -^f^j/ ® ^' ^^^ assertion follows. 

2. and 3. We take the notation in the proof of Proposition 18.2.71 

(18.2.41 1) The ideal J'^ is generated by a{x)/x — 1 ior x E Q. Hence, it is generated by 
(p — 1. We have D^j = div(Cp — 1) and D^. = p ■ div(^p — 1) by Proposition 18.2.71 

The Cy-module r2y,^(log/log) is generated by dlogt and the annihilator is (p). We 
have div p = {p — 1) ■ div(^p — 1). 

(18.2.41 2) The ideal jTo- is generated by a{t) — t = (Cp — 1)^- Since t is a unit, it is 
generated by (p — 1. We also have Do- = div(Cp — 1) and D^ = p-div{(p — 1) by Proposition 
18X71 

The (9y-module r2y,j5^(log/log) is generated by dt and the annihilator is (p). We have 
div p = {p — 1) ■ div(Cp — 1). 

(18.2.41 3) The ideal J'a is generated by cr(s)/s — 1. By s = z/{l—t), we have a{s)/s — l = 
(1 - t)/(l - Cpt) - 1 = (Cp - 1)V(1 - Cpt) = zt/{l -t-zt). Since 1 - t = z/s, it is further 
equal to zt/{z/ s — zt) = st/{l — st). Since 1 — st and t are unit, the ideal J'a is generated 
by (s). Since (s^) = (z^/b), we have p ■ D^ = 71*0^. 

We put g = S^ — ^f{S) G A[S]. Then, the Cy-module i7y,j^(log/log) is generated 
by d log s and the relation is given by p- d log s = d log f{s) and g'{s) ■ s ■ d log s = 0. Since 
g\s) = psP-^ - ff'is) = .sP-\p - s ■ f'{.s)/f{s)), the annihilator is {p - s ■ f'{.s)/f{s)). 
Since g'{s) = Y[^=i i^ ~ '^^i^)) ^^^ div(l — cr*(s)/s) = D^^ for each i, we have div(p — s ■ 

ns)/f{s)) = {p-i)-D^. 

(18.2.41 4^) The ideal Ja is generated by a{s) — s. By ^ = 1 — Hi ^i '^^ ^^ have a{s) — s = 
(Cp — l)t/ Yli^i '■ Since t is a unit, the ideal J'a is generated by {z/ Yli^i ')■ Thus, we have 

The Cy-module ny,j5^(log/log) is generated by ds and the annihilator is {g'{s)). Since 

g'{s) = nr=i i^^'^\^)) s-nd div(s — cr*(s)) = D^ for each i, we have div g'{s) = {p— 1) ■ D„. 

4. By the assertion 3., the map Lp„: fiy,^(log/log) ®Oy ^d„ — ^ Od^{—D^) is a 
surjection of invertible OD^-modules and hence is an isomorphism. 

5. It follows from 4. that the sequence (I8.2.8.2p is exact at f^y_A4y ®Oy ^Ey ^^^ ^^ 
OEY{~Da)- Hence, the kernel of the map in the middle is an invertible (9£;y-module. By 
the assumption that 9 is clean, the map rsw ^ is a locally split injection. The composition 
Oey{-t^*DA -^ Ti*n\i\ogD) ®Oy Oey -^ ^ymy ®Oy Oey is the 0-map by 08.1. 1.5^ . 
Hence, the assertion follows. ■ 

8.3 A computation in the rank 1 case 

Let X and U = X\D over S = Spec Ok be as in the previous subsection. We briefly recall 
the definition of the 0-cycle class cjr in [23] for a smooth sheaf J-" of F^- vector spaces of rank 
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1 on U. Let Di, . . . , Dn be the irreducible components of D and let E = J2r >o Di C X he 
the support of the Swan divisor D^ = ^^ rjDj. We put d = dimXi^ + 1. The divisor E is 
supported on the closed fiber Xp. Hence, the coherent C£;-module Q\,g{logD) ^q^ Oe 
is locally free of rank d and the bivariant Chern class c(r2^,^(logi5) ®Ox ^e) is defined 
as an operator CH*{E — )■ E). 

Assume x is clean with respect to X. Then, we define the 0-cycle class c^ G CHq{E) 
by 

(8.3.0.1) c^ = {c(l]^/5(logD)®o^Oi,)*n(l + Dj-inDjdimo 

m 

= (-l)'^-i ^r, ■ Cd_i(Coker(rsw,(x))) H [A]- 

By [23l Theorem 5.2], the cycle classes c^ define an element of FoGi^dv/uy) for the finite 
etale Galois covering V ^ U trivializing x, if dimUK < 1- 

We fix an isomorphism F^"" -^ Q/^lj] C Q/Z. For a character x e H\U, Q/Z[\]) of 
order prime to i, let J^^ denote the corresponding locally constant constructible sheaf of 
F^-vector spaces of rank 1 on U. 

Conjecture 8.3.1 Let X be a regular flat separated scheme of finite type over S and 
U = X \ D be the complement of a divisor with simple normal crossings. Let f : V ^ U 
be the Stale cyclic covering trivializing x- Then, we have 

(8.3.1.1) Swv/uJ'x = fcx 

m FoG{dv/uV)Q{Cj,o.)- 

We prove a refinement of Conjecture 18.3.11 assuming dimt/i^ < 1 in Theorem 18 . 3 . 71 at the 
end of this section. Similarly as [261 Lemma 5.1.2], Conjecture 18.3.11 implies Conjecture 
17.2.81 by Brauer induction. 

We show that the class c^ also satisfies an excision formula. 

Lemma 8.3.2 Let X be a regular flat separated scheme of finite type over S and U = X\D 
be the complement of a divisor with simple normal crossings. Let Xi be a regular divisor 
meeting D transversely. We put Uq = X \ {D r\ Xi) and f/i = f/ fl Xi. 

Let X be a character on U and let xo = x\uo ^'^^ Xi = x\ui be the restrictions. Assume 
that both X o-nd xo o^^e clean with respect to X . Then Xi is also clean with respect to Xi 
and we have 

^x ~ ^xo ' ^xi ■ 

Proof. The union D' = D U Xi is a divisor of X with simple normal crossings 
and the intersection Di = D (1 Xi is a divisor of Xi with simple normal crossings. 
Let Di be an irreducible component of E and we put Cj = Di n Xi. The image of 
the map fl\,g{\ogD) ^Ox ^c, -^ ^x/s(^'-'S-^') ®c>x ^Ci is canonically identified with 
fl^^,g{\ogDi) ^o^ Oc^. Hence, if both x and Xo are clean, then x is strongly clean on 
a neighborhood of Ci in the terminology of [201 Definition (7.4)]. Thus, by [20^ Theorem 
(9.1)], Xi is strongly clean with respect to Xi and D^^ is the pull-back of D^. 
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We put El = E n Xi. Then, by the exact sequence -^ fl\,g(\ogD) ^Ox ^e -^ 
Q]^,g(\ogD') ^Ox ^E -^ Oei — !■ 0, the difference c^ — c^^ is equal to 

{c(fi^/s(logD) ^Ox OeT n (1 + D^y^ n DjdimO 

- {c(fi^/5(logD') ®Ox OeY n (1 + D^)-^ n DjdimO 

= {c{n\/s{^ogD) ®ox OeT n (1 + D^)-^ n (Xi n z^Jjdimo- 

By D^^ = XiHD^ and by 0(^^/5 (log £>))* H Xi = c(r2^^/5(logL'i))*, the right hand side 
is equal to c^-^. ■ 

Let [/'—)■ ?7 be a finite etale niorphisni tamely ramified with respect to X and let X' 
be the normalization of X in U'. Then, X' has a natural log structure such that U' is 
the maximum open subscheme where the log structure is trivial and the map X' — ;■ X is 
log etale with respect to this log structure. By taking a regular proper subdivision of the 
associated fan [2l], we obtain a log blow-up X" — )■ X' such that X" contains U' as the 
complement of a divisor with simple normal crossings. 

Lemma 8.3.3 Let X be a regular flat separated scheme of finite type over S and U = X\D 
be the complement of a divisor with simple normal crossings. Assume dimX/^ = 1. Let 
g : U' ^ U be a finite etale morphism tamely ramified with respect to X . Let X' be a log 
blow-up of the normalization of X and g: X' ^ X be the canonical map. 

Let X be a character on U and let x' be the pull-back to U' . Assume that x is clean 
with respect to X . Then x' is also clean with respect to X' and we have 

Cx' = 9*Cx- 

Proof. We may assume that the subdivision defining X' induces a subdivision of the 
fan associated to X and defines a log blow-up Xi — )■ X. The induced map X' — )■ Xi 
is finite. Since ^: X' — >■ X is log etale, the map g*Q}-^ig{\ogD) — )■ Q}^, jgiXogD') is an 
isomorphism. At each singular point of D, x is strongly clean with respect to X. Hence, 
by [20I Theorem (8.1)], the divisor D^^ is the pull-back of D^ and the divisor D^/ is also 
the pull-back of Dy^. Further by [20, Theorem (8.1)], x' is clean with respect to X' and we 
have c^' = g*Cy^. ■ 

We first show that the computation in the previous subsection implies Conjecture 
l8.3.1l for a character of order p under a slightly stronger assumption. Since (F, AAy) is log 
regular, by [24j, there exists a log blow-up Y ^Y satisfying the following property: The 
map y — )■ y induces an isomorphism over V and the scheme Y is regular and contains V 
as the complement of a divisor Dy with simple normal crossings. We regard y as a log 
scheme with the log structure defined by Dy- Then, the map Y -^Y is log etale. 

Proposition 8.3.4 Let X be a regular flat separated scheme of finite type over S = 
Spec Ok and U = X \ Dx be the complement of a divisor with simple normal cross- 
ings. Assume that K contains a primitive p-th root Cp of 1. Let 9 be a character of order 
p s- clean with respect to X . 

Let Y ^- Y be a log blow-up as above and assume that the action of G = Gal{V/U) ~ 
Z/pZ is extended to an action on Y. Let a be a generator of G and assume that a is an 
admissible automorphism (Definition 15. 1.41 2 ) ofY . 
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1. We put c„ = {{Tcr,Ay))^y^^y^^ G Fq G ( 9^/ (7 F ) . Then, we have 

C, = {C*inl ^^{\0g Dy)) ■ (1 + D^)-' ■ Z^JdimO- 

2. Let 7T : Y ^ X be the canonical map. Then, we have 
(8.3.4.1) ^K/uxJ'o = ^*c« 
inFoG{dv/uY). 

Proof. 1. This is Lemma [5.1.51 2. 

2. Since F — )■ F is log etale, we have an exact sequence — )■ Oe~ {—n*Dg) — > 
nx/si^ogDx) ® Oe^ -^ ny^silog Dy) ® Oe^ -^ OE~i-D^) ^ by Corollary IHXHl 2. 
Hence the ratio of the total Chern classes c{flY,g{logDy)®OE^)'c{^x/s(JogDx)^OE))~^ 
is equal to (1 — D^){1 — Tr*/}^)^^. Thus, by the equality 71*0^ = pD„ ( I8.2.8.ip . we have 

n*ce = n*{c*{n]„si}ogDx)) ■ {l + Ti*De)-^ ■ De}^rao 



= {C*{n\ ^^{\0g Dy)) ■ (1 + 1T*D,)-^ ■ p ■ DjdimO- 

By 1., the right hand side is equal to p ■ c^. 

Since c„^ = c^ for every i G (Z/pZ)^, the integral Swan class Sw^, -J^g is equal to 
p ■ sv/u{<^) = —p ■ Ca. Thus the assertion follows. ■ 

We recall an induction step from [36], which will be used in the proof of Theorem 18.3.71 
below. 

Lemma 8.3.5 (cf. |36L Lemma 2]) Let X be a regular scheme andU be the complement 
of a divisor with simple normal crossings. Let x? ^ ^ H^{U, Q/Z) be characters clean with 
respect to X. Assume 9 is of order p and s-clean. Let V ^ U be the cyclic covering of 
degree p trivializing 6 and Y be the normalization of X in V with the log structure defined 
by V. Let Y ^ Y be the log blow-up defined by a regular proper subdivision of the fan of 
Y and ii: Y -^ X be the canonical map. 

Assume x ^s clean with respect to X and the pull-back x' = '^*X ^■5 clean with respect 
to Y . Assume further that the following condition is satisfied: 

.3.51 1) For D^ = J2i''^i^i '^^'^ ^0 = JZi^i^ij ^^e condition r, = implies Si = 0, and the 
condition Vi > implies Vi > Si. 

Then, we have 

(8.3.5.2) 7r*c^ = c^, + D^^f^yy^ 

tnCHo{Ey). 

The proof is the same as [361 Lemma 2] by using the exact sequence f l8.2.8.2p and we 
omit it. 
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Corollary 8.3.6 We keep the notation and the assumptions in Lemma [8.3.51 except that 
we do not assume fl8.3.5[ l). Assume further that x is of order n = mp and 6 = m ■ x- 
Assume that the Swan class S^v/Ui,y^x' ^^ defined integrally and that we have 

(8.3.6.1) Sw^/^^^^ J-^, = rcx' 

Then, the Swan class Swy/^yJ-"-^ is also defined integrally and we have 

(8.3.6.2) ^^l/ux^x = f*Cx- 

Proof. By the definition of the Swan class and by sv/u{<^^) = ■5y/t/(cr) for an integer 
prime to p, we obtain 

By 9 = m ■ X, the assumption (18.3.51 1) is satisfied. Hence, by applying Lemma [8. 3. 5[ we 
obtain f*c^ = g*c^^ + g*D^^,yY^- Thus, it follows from the assumption (18.3.6. ip and the 

chain rule D^^'jyy = d°^^^ y + g*D^u^/v,Y, ■ ■ 

In the rest of the paper, we consider the case dim Uk = 1. In this case, the strong form 
of resolution of singularity is known and consequently the Swan class Swy/^jJ-" is defined 
integrally as an element of FQG{dv/uy)- 

Theorem 8.3.7 Assume K is of characteristic 0. Let U he a regular flat separated scheme 
of finite type over S such that dimf//^ = 1. Let T = T^ he a locally constant constructihle 
sheaf of ¥i-vector spaces of rank 1 and x ^ H^{U,'Q,/1') he the corresponding character. 
Let f : V ^ U he the cyclic covering trivializing x- Then, we have 

(8.3.7.1) [KiCp) : K] ■ Sw^/^J"^ = [K(Cp) : K] ■ f*c^ 

znFoGidv/uV). 

Proof. Let x' be the p-primary part of x and V ^ U he the cyclic covering trivializing 
x' and let n: V -^ V he the canonical map. Then, since Swy,^J'^ = 'k*'&w'^iijjJ^^i and 
^x ~ ^x' ' ^^ ^^y assume that the order of x is a power of p. 

We show that we may assume U = Uk- Let X be a proper regular fiat scheme over 
S containing U as the complement of a divisor D with simple normal crossings. By 
blowing up some closed points in the closed fiber of X, we may assume that Uk C X 
is the complement of a divisor with simple normal crossings. We show the claim by the 
induction on the number of irreducible components of Up. 

If the number is 0, then Up is empty and there is nothing to prove. Let C he an 
irreducible component of Up. Let Xo be the restriction of x to f/o = f/ \ C By blowing 
up X at the boundary of C, we may assume that both x aiid xo are clean with respect 
to X. Then, by the excision formulas Proposition 17.2.51 2 and Lemma [8.3.21 the equality 
(18.3.1.11) for Xo is equivalent to that for x- Thus, by the induction, the claim is proved. 

We assume U = Uk- By taking the base change to K{(p) and by applying Corollary 
15.4.21 and Lemma [8. 3. 3[ we may assume that K contains a primitive p-th root of 1. 

Assume x is of order p. Then, by Lemma 18.2.61 4. we may assume x is s-clean with 
respect to X by replacing X by a blow-up. Then, it follows from Proposition 18.3.41 

125 



Assume x is of order p" and we prove the assertion by induction on n > 1. Similarly 
as above, we may assume that 6 = p"'~^x is s-clean. Let ?7i — )■ f/ be the cyclic covering of 
degree p and g: V ^ Ui he the canonical map. Let Yi be the normalization of X in f/i 
and Yi — )■ Yi be a blow-up as in Corollary 18.3.61 Let vr : Yi — )■ X be the canonical map. 
Then, further similarly as above, we may assume that x' = ^*X is clean with respect to 
Y. Then, by the induction hypothesis, we have Sw^,^ y-^x' ~ 9*'^x'- Thus it follows from 
Corollary EXa '' ■ 

We deduce the integrality of the Swan classes and the conjecture of Serre under the 
assumption dim Uk < 1- 

Corollary 8.3.8 Assume dimf/ft- < 1. 

1. Conjecture \7.2.S\ is true. 

2. Conjecture \7.2.9\ is true. 

Proof. 1. By the Brauer induction and by the induction formula Proposition 17.2. 6| we 
may assume rank J-" = 1. Then, it follows from Theorem 18.3.71 

2. It follows from 1 and Lemma [7.2.101 ■ 
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